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Overview

I Introduction

- What is Computer Science?
- Why is Logic so important for Computer Science?

I Mathematical Logic from the perspective of Computer Science

I Selected topics from Logic in Computer Science
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What is Computer Science?
Computer science (also called computing science) is the study of
the theoretical foundations of information and computation and
their implementation and application in computer systems.
(Wikipedia

https://en.wikipedia.org/wiki/Outline_of_computer_science)

Main subfields of Computer Science:

I Theoretical Computer Science

I Algorithms

I Artificial Intelligence

I Communication and Security

I Computer Architecture

I Computer Graphics

I Databases

I Programming languages and Compilers

I Software Engineering
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Why is Logic so important for Computer Science?
(1) Mathematical Logic is first of all the study of precisely defined

languages with precisely defined and unambiguous meanings.
This is exactly what one needs in order to use computers and
interact with them. Computers have no common sense, they
only ’understand’ precise instructions.

(2) Mathematical Logic is intimately connected with
representation of data and computation. Therefore, it
provides the natural basis for the understanding and analysis
of computing systems and the fundamental notions of
computing.

(3) Computers and the tasks they are supposed to accomplish are
very complex, often too complex to be understood and
controlled by humans.
Mathematical Logic offers automatization of reasoning about
the correctness of computer programs and computing systems.
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Logic from the perspective of Computer Science

I Propositional Logic

I Predicate Logic

I Computability and Complexity

I (Un)decidability and (In)completeness

I Other Logics
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Propositional Logic

Formulas are built from atomic propositions by ∧ (“and”),
∨ (“or”) and → (“implies”).

The propositional connectives ∧,∨,→ act as Boolean functions,
that is, operations on the Boolean truth values 0 (“False”) and
1 (“True”)

A B A ∧ B

0 0 0

0 1 0

1 0 0

1 1 1

A B A ∨ B

0 0 0

0 1 1

1 0 1

1 1 1

A B A→ B

0 0 1

0 1 1

1 0 0

1 1 1
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Negation

Negation can be defined by

¬A = A→ ⊥ (not A)

where ⊥ is a constant denoting 0 (Falsity)

A ¬A

0 1

1 0
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Boole

George Boole (1815 - 1864)
English Mathematician, Philosopher and Logician

(all pictures taken from Wikipedia, unless stated otherwise)

Boolean Algebras, a class of mathematical structures, are named
after him. The simplest such structure is the Boolean Algebra of
truth values ({0, 1},∧,∨,¬).
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Does implication express causality?

The intuitive understanding of an implication, A→ B, is that A is
a cause for B.

It rains → the street is wet

x is divisible by 4 → x is divisible by 2

1 < 2 → 3 + 4 = 7

1 = 0 → I am the pope
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Logic gates
Every formula defines a Boolean function or Logic gate.

Example of a ternary logic gate g : {0, 1}3 → {0, 1}:

A B C g(A,B,C )

0 0 0 1

0 0 1 1

0 1 0 1

0 1 1 1

1 0 0 0

1 0 1 0

1 1 0 0

1 1 1 1

g can be defined by the formula

(¬A ∨ B ∨ C ) ∧ (¬A ∨ B ∨ ¬C ) ∧ (¬A ∨ ¬B ∨ C )

but also by
A→ (B ∧ C )
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Equivalence

Two formulas are equivalent (written A ≡ B) if they define the
same logic gate.

Hence,

(¬A ∨ B ∨ C ) ∧ (¬A ∨ B ∨ ¬C ) ∧ (¬A ∨ ¬B ∨ C )

and
A→ (B ∧ C )

are equivalent formulas.
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Circuit minimization

Logic gates are the basic building blocks of digital circuits which in
turn are the basis of computer hardware.

Circuit minimization, that is, finding the shortest representations of
a logic gate is an important and difficult problem in hardware
design.
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All 4 unary and all 16 binary logic gates
A NOT
0 0 0 1 1
1 0 1 0 1

A B AND XOR OR
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1

A B NOR EQU IMP NAND
0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1

I How many n-ary logic gates are there?

I Can we define all logic gates by formulas?
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The number of 12-ary logic gates
1044388881413152506691752710716624382579964249047383780384233483
2839539079715574568488268119349975583408901067144392628379875734
3818579360726323608785136527794595697654370999834036159013438371
8314428070011855946226376318839397712745672334684344586617496807
9087058037040712840487401186091144679777835980290066869389768817
8778594690563019026094059957945343282346930302669644305902501597
2399867714215541693835559885291486318237914434496734087811872639
4964751001890413490084170616750936683338505510329720882695507699
8361636941193301521379682583718809183365675122131849284636812555
0225998300412344784862595674492194617023806505913245610825731835
3800876086221028342701976982023131690176780066751954850799216364
1937028537512478401490715913545998279051339961155179427110683113
4090584272884279791554849782954323534517065223269061394905987693
0021229633956877828789484406160074129456749198230505716423771548
1632138063104590291613692670834285644073044789997190178146576347
3223850267253059899795996090799469201774624817718449867455659250
1783290704731194331655508075682218465717463732968849128195203174
5700244092661691087414838507841192980452298185733897764810312608
5903001302413467189726673216491511131602920781738033436090243804

708340403154190336
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Equivalence laws

De Morgan’s laws

¬(A ∧ B) ≡ ¬A ∨ ¬B

¬(A ∨ B) ≡ ¬A ∧ ¬B

Distributivity

A ∧ (B ∨ C ) ≡ (A ∧ B) ∨ (A ∧ C )

A ∨ (B ∧ C ) ≡ (A ∨ B) ∧ (A ∨ C )

Material implication

A→ B ≡ ¬A ∨ B
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Conjunctive normal form (CNF)

Every logic gate can be defined by a formula in conjunctive normal
form, that is, a formula which is a conjunction of clauses Ci

C1 ∧ . . . ∧ Cn

where a clause is a disjunction of literals Li

L1 ∨ . . . ∨ Lk

and a literal is a variable (atomic formula) or a negated variable.

Example:

(¬A ∨ B ∨ C ) ∧ (¬A ∨ B ∨ ¬C ) ∧ (¬A ∨ ¬B ∨ C )

Note that a clause may be empty (k = 0 above) in which case it
denotes the formula ⊥ (Falsity).
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Validity and satisfiability

A formula is valid (or a tautology) if it is true under all
assignments of truth values to its variables, that is, the logic gate
it defines always returns the value 1.

A formula is satisfiable if it is true under at least one assignment of
truth values to its variables, that is, the logic gate it defines does
not always return the value 0.

Exercise: Which of the following formulas are valid/satisfiable?

A∨¬A, A∧¬A, (A→ B)∨ (B → A), (A→ B)→ (B → A)
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Satisfiability testing (SAT)

Many problems in computer science and mathematics can be
encoded into the question whether a certain formula is satisfiable.

In computer science, typically, properties of possible states of a
computing system (for example a computer program or a hardware
component) are encoded into a CNF such that ’bad’ states
correspond to satisfying assignments of the CNF.

Therefore, in order to show that the system is safe one has to show
that the CNF is unsatisfiable.
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Satisfying a CNF

Note that a CNF C1 ∧ . . . ∧ Cn is satisfiable if and only if there
exists an assignment that in each clause Ci makes at least one
literal true.

For example, the CNF

(¬A ∨ B ∨ C ) ∧ (¬A ∨ ¬B) ∧ A

is satifiable. A satisfying assignment is:

A = 1, B = 0, C = 1

On the other hand, the CNF (¬A ∨ B) ∧ (¬A ∨ ¬B) ∧ A is
unsatisfiable.
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The problem of deciding satisfiability

Deciding whether a CNF is satifiable is a hard task.

A naive method is to try all possible assignments and check
whether there is one that satisfies the CNF.

Since a CNF with n variables has 2n assignments this method
works only for small CNFs, but not for practically relevant ones,
which may have hundreds of variables.

20 / 72



Resolution

A better method is to apply a proof calculus. One such calculus is
Resolution. Resolution has only one rule

C ∨ A ¬A ∨ C ′
R

C ∨ C ′

This means: Given a CNF, pick two clauses containing opposite
literals, say A and ¬A, and add the union of the two clauses as a
new clause where the literals A and ¬A have been removed.

Apply the Resolution rule repeatedly until

either the empty clause is obtained,

or no further resolution step can be applied (without having
obtained the empty clause)

In the first case the original CNF is unsatisfiable, in the second
case it is satisfiable.
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SAT solvers and their applications

Resolution and a related system called DPLL (after Martin Davis,
Hilary Putnam, George Logemann, Donald W. Loveland) are the
dominant proof methods implemented in modern SAT solvers, that
is, programs that decide whether a given CNF is unsatisfiable.

Today, SAT solving can be found almost everywhere in computing,
for example in electronic design automation, formal verification of
software and hardware, planning and scheduling.
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Pythagorean triples

A Pythagorean triple is a triple of positive integers a, b, c such that
a2 + b2 = c2.

For example (3, 4, 5) is a Pythagorean triple since 32 + 42 = 52.

There are infinitely many Pythagorean triples. The first five are

(3, 4, 5), (5, 12, 13), (6, 8, 10), (7, 24, 25), (8, 15, 17)

The Pythagorean Triples Problem asks whether there exists a
red-and-blue colouring of the positive integers 1, 2, ... such that
that no Pythagorean triple is uni-coloured, that is, completely red
or completely blue.

This problem was open for 30 years.
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Solving the Pythagorean triples problem

The Pythagorean triples problem was solved negatively by Marijn
Heule (Texas Austin), Oliver Kullmann (Swansea), and Victor
Marek (Kentucky) using SAT-solving techniques (”Solving and
Verifying the Boolean Pythagorean Triples problem via
Cube-and-Conquer”, arXiv:1605.00723).

The authors showed that for every colouring of the numbers
1, 2, . . . , 7825 there exists a uni-cloured Pythagorean triple below
7825.

The proof was found using a SAT solver which generated a proof
that is is 200 terabytes large and said to be the largest proof ever
(see http://www.nature.com/news/

two-hundred-terabyte-maths-proof-is-largest-ever-1.19990).

Note that there are 27825 ≈ 102356 different colourings of the
numbers 1, 2, . . . , 7825.
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Coding the Pythagorean triples problems as a CNF

The Pythagorean triples problem (for a given number, say 7825)
can be coded into a CNF as follows. For each number
a ∈ {1, . . . , 7825} one has a variable Ba meaning that a is coloured
blue (then ¬Ba means that a is coloured red).

For each Pythagorean triple a, b, c one writes down two clauses
expressing that the numbers a, b, c are not all the same color, that
is, (at least) one of them must be blue and one must be red:

(Ba ∨ Bb ∨ Bc) ∧ (¬Ba ∨ ¬Bb ∨ ¬Bc)

The CNF consisting of the conjunctions of all these clauses
expresses that no Pythagorean triple is uni-coloured. Its
unsatisfiability means that such a colouring is impossible.

This formula is a CNF with 7825 variables and 2 ∗ 9472 = 18944
clauses (since there are 9472 Pythagorean triples below 7825).
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The numbers 1 to 7,824 can be coloured either red or blue so that no trio

a, b and c that satisfies a2 + b2 = c2 is all the same colour. The grid of

7,824 squares here shows one such solution, with numbers coloured red

or blue (a white square can be either). But for the numbers 1 to 7,825,

there is no solution. (Nature, Vol. 543, Issue 7605)
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Predicate logic

Predicate logic, also known as first-order logic, extends
propositional logic by:

I adding structure to atomic formulas: An atomic formula now
states a property (predicate) of an object, for example,
even(x), or a relation between objects, for example, 3x = y ;

I adding quantification over objects, for example,

∀x even(4x) for all x , 4x is an even number
∃x (3x = 6) there exists x such that 3x = 6
∀x (x > 0→ ∃y (y 2 = x)) all positive numbers have a root
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Examples of predicate logic formulas in CS

“Program p terminates for all input arrays a and outputs a sorted
version of a (in other words, p is a correct sorting program)”:

∀a (arr(a)→ ∃b (arr(b)∧p(a)↓ = b∧sorted(b)∧permutation(a, b)))

(where p(a)↓ = b means that p terminates on input a and outputs
result b)

“Program q correctly approximates
√

2”:

∀n ∃m ∀k (k ≥ m→ ∃x (q(k)↓ = x ∧ |x2 − 2| ≤ 2−n))
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Deciding truth in first-order logic

Computer scientists want to decide automatically whether a given
formula (expressing a property of a program) is true.

Is this always possible?

In order to answer this question we need to understand

I what it means for a formula to be true;

I what it means to ’decide automatically’.
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Hilbert

David Hilbert (1862 - 1943)
German Mathematician

In 1926 Hilbert posed the Entscheidungsproblem (Decision
Problem):

Find an algorithm (automatic method) to decide whether a
formula in first-order logic is logically valid.
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Models

In order to know what a formula means one needs to determine
first:

I a universe of discourse (the objects the formula talks about)

I an interpretation of the constants and function symbols
(0, 1, 2,+, ∗, . . .)

I an interpretation of the predicate and relation symbols
(even,≤, sorted, . . .)

These ingredients form a model M.

In a given model M, any formula A is either true or false.
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Truth, Validy, Logical Consequence

M |= A (formula A is true in model M, or M satisfies A)

A is logically valid (|= A)
Def
= for all models M, M |= A.

(A is true in all models)

A is a logical consequence of a set of formulas Γ (Γ |= A)
Def
=

for all models M, if M |= Γ, then M |= A.

(A is true in all models of Γ, or Γ logically implies A)

Where M |= Γ means M |= B for all B ∈ Γ.
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Exercises

Let (N ,+) be the structure of natural numbers {0, 1, 2, . . .} with
the operation of addition.

Let A
Def
= ∃z ∀x∀y (x + y = z → x = z)

1. Is A true in (N ,+)?

2. Is A logically valid?

Let A′
Def
= ∃z ∀x (∃y (x + y = z)→ x = z)

3. Is the formula A→ A′ logically valid?
(That is, does {A′} |= A hold?)
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Computability

To ’decide automatically’ whether a formula is true means to have
an algorithm to solve this problem, that is, a way of mechanically
computing for every formula A the correct answer to the question
whether A is true.

At first glance, this looks a like very vague and imprecise definition
of computability because it is unclear what is meant by ’a way of
mechanically computing’.

Luckily, the opposite is the case: Although there are many different
notions of mechanical computation (using different machine
models and programming languages), they all define the same class
of computable problems.

A surprisingly simple way of defining computability is by way of
so-called Turing-machines.
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Turing

Alan Turing (1912 - 1954)
English Computer Scientist, Mathematician, Philosopher and Logician

(picture computer generated by Arnold Beckmann)

Turing is best known for his work as a cryptanalyst in the Second
World War where he made crucial contributions to the breaking of
the Enigma, Germany’s main crypto-system.
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Turing Machines

I A Turing machine has a potentially infinite tape which is
divided into cells each of which may contain one of the
symbols 0, 1 and B (blank). Furthermore, it has a read/write
head and a finite set of states.

I A Turing machine program is a finite list of instructions telling
the head to read the current symbol, write a new symbol,
move left or right and change its state.

I The machine starts in a certain starting state, with the head
in a certain starting position and an input word written on the
tape.

I The machine halts when a certain halting state is reached
(which may or may not be eventually the case). The output is
then the sequence of symbols written on the tape.
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Turing’s results
Turing proved in his paper

On Computable Numbers, with an Application to the
Entscheidungsproblem, Proceedings of the London Mathematical
Society. 2. 42. pp. 230 - 265:

I There exists a universal (Turing) machine, that is, a Turing
machine that can simulate every other Turing machine.

I The Halting Problem is unsolvable, that is, there is no
algorithm to decide whether a Turing machine halts on a
given input.

I Hilbert’s Entscheidungsproblem is unsolvable, that is, there is
no algorithm to decide whether a formula in first-order logic is
logically valid.
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Unsolvability of the Halting Problem
Suppose H is a machine that solves the halting problem, that is:

Given a program P and a string x , H(P, x) will halt and output
I 1 if the machine programmed by P halts at input x ,
I 0 if the machine programmed by P does not halt at input x .

(note that a program is a string, that is, a sequence of symbols)

Construct from H a new machine M which does the following:
I Given input x , duplicate x and run H(x , x).

I If the result is 1, then loop forever.
I If the result is 0, then halt (and output anything, say 0).

Machine M has a program, call it PM . Now run M with x
Def
= PM :

Case: H(PM ,PM) = 1. Since H solves the halting problem,
M(PM) must halt. On the other hand, by the construction of M,
M(PM) must loop forever.

The case H(PM ,PM) = 0 leads to a similar contradiction.
Therefore, a machine that solves the halting problem cannot exist.
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Unsolvability of the Entscheidungsproblem

Turing machines (symbols, tapes, Turing machine programs) can
be encoded by terms in first-order logic and the property that a
Turing machine M halts on input x can be encoded by a formula
A(M, x). This means:

M halts at input x if and only if A(M, x) is logically valid.

Now, if we had an algorithm to decide the validity of formulas,
then we also had an algorithm to decide whether a Turing machine
halts on a given input, which is impossible due to the unsolvability
of the Halting Problem.
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Church-Turing Thesis

Besides Turing machines, there are many other models of
computation, which however, all turn out to be equivalen to Turing
machines, that is, they all define the same class of computable
functions (or decidable problems).

Such models of computation are called Turing complete.

Church-Turing Thesis

The class of functions computable by a Turing machine, or any
other Turing complete model of computation, coincides with the
class of mechanically calculable functions.

The name ’Church’ refers to Alonzo Church who in 1936
introduced a Turing complete model of computation based on the
lambda calculus.
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Church

Alonzo Church (1903 - 1995)
American Mathematician and Logician

Church independently proved the unsolvability of the
Entscheidungsproblem. He was the first to formulate what is now
know as the Church-Turing Thesis. The lambda-calculus, invented
by Church, is the theoretical basis of Functional Programming.

Turing was one of Church’s many PhD students who became
famous Computer Scientists.
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Lambda Calculus
The fundamental idea of Church’s lambda calculus is that of a
function, represented by lambda-abstraction (see below).

The lambda calculus consists of

I lambda terms generated by the rules

x Variables
λx .M lambda-abstraction
M N Application

I beta-reduction

(λx .M)N →β M[N/x ]

where M[N/x ] denotes the substitution of the term N for x in
the term M.

(there are further, less important, types of reduction which we
ignore for the moment)

One usually writes M N K for (M N) K .
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Computing with Numbers in the Lambda Calculus
The natural numbers 0, 1, 2, 3, . . . can be represented by terms
called Church numerals

c0
Def
= λf . λx . x

c1
Def
= λf . λx . (f x)

c2
Def
= λf . λx . (f (f x))

c3
Def
= λf . λx . (f (f (f x)))
...

All computable functions on natural numbers can be represented
by lambda terms. For example, addition is represented by

ADD
Def
= λm . λn . λf . λx .m f (n f x).

This means that, for example ADD c3 c5 →∗β c8.

Multiplication and exponentiation are even simpler:

MULT
Def
= λm . λn . λf .m (n f ), EXP

Def
= λm . λn . n m.
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Truth Values in the Lambda Calculus

TRUE
Def
= λx . λy . x

FALSE
Def
= λx . λy . y

All logic gates can be defined in the lambda calculus. For example,

negation is defined by NOT
Def
= λb . λx . λy . (b y x).

NOT TRUE = (λb . λx . λy . (b y x)) TRUE

→β λx . λy . (TRUE y x)

= λx . λy . ((λx ′ . λy ′ . x ′) y x)

→β λx . λy . ((λy ′ . y) x)

→β λx . λy . y = FALSE

Similarly, NOT FALSE→∗β TRUE.

Exercise: Define conjunction.
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Recursion

The lambda calculus owes its surprising computational power to
the fact that it is able to perform recursion (a form of looping).

As a warm-up, a term that runs forever:

Ω
Def
= (λx . (x x)) (λx . (x x)) (’self application applied to itself’)

Ω→β Ω→β . . .

A little twist transforms the useless Ω combinator into the
extremely useful Y -combinator: For any lambda term M let

Y[M]
Def
= (λx . (M (x x))) (λx . (M (x x)))

Y[M]→β M ((λx . (M (x x))) (λx . (M (x x)))) = M Y[M]

Hence, Y[M] is a fixed point of M which means that the
Y -combinator can be used to perform recursion.
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Example: Fibonacci numbers

1, 1, 2, 3, 5, 8, 13, 21, . . .

fib(n) = if n ≤ 1 then 1 else fib(n − 1) + fib(n − 2)

fib = λn . if n ≤ 1 then 1 else fib(n − 1) + fib(n − 2)

fib = FIB fib, where

FIB = λf . λn . if n ≤ 1 then 1 else f (n − 1) + f (n − 2)

Therefore

fib
Def
= Y[FIB] where

FIB
Def
=

λf . λn . (LEQ n c1) c1 (ADD (f (MINUS n c1)) (f (MINUS n c2)))
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Combinatory Logic
Lambda calculus has a cousin, Combinatory Logic, an even simpler,
but equally powerful calculus developed by Haskell B Curry.

Combinatory logic consists of

I Combinatory logic terms generated from the constants K and
S by application M N.

I combinatory-reduction

K M N →CL M

S M N L →CL (M L) (N L)

Combinatory logic can be embedded into the lambda calculus:

K M N
Def
= λx λy . x

S M N L
Def
= λx . λy . λz . (x z) (y z)

Conversely, one can embedd the lambda calculus into combinatory
logic (omitted).

47 / 72



Curry

Haskell Brooks Curry (1900-1982)
American mathematician and logician

Curry is best known for developing Combinatory Logic which was
very influential in the development and implementation of
programming languages. The functional programming language
Haskell is named after him and the terms ’Currying’ and
’Curry-Howard correspondence’ refer to him.
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British Logic Colloquium 1999 at Gregynog (Wales),
celebrating Roger Hindley’s 60th birthday
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Completeness
In 1929 Kurt Gödel proved that there is a sound and complete
proof calculus for first-order logic:

Completeness Theorem

A formula in first-order logic is logically valid if and only it is
provable.

|= A ⇔ ` A

Since proofs can generated automatically, this entails that there is
a computable procedure that produces, one-by-one, all logically
valid formulas.

Using terminology of computability theory: The set of logically
valid formulas is computably enumerable.

An equivalent way of stating this is that there is a program V such
that for every formula A,

V (A) halts if and only if A is logically valid.
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Gödel

Kurt Gödel (1906-1978)
Austrian mathematician and logician

Gödel is one of the central figures in mathematical logic. He is
most famous for his Completeness Theorem and his two
Incompleteness Theorems.
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Natural Deduction, a sound and complete proof system

Assumption rule Γ, A ` A

Introduction rules Elimination rules

∧
Γ ` A Γ ` B ∧+

Γ ` A ∧ B

Γ ` A ∧ B ∧−
l

Γ ` A

Γ ` A ∧ B ∧−r
Γ ` B

→
Γ, A ` B

→+
Γ ` A→ B

Γ ` A→ B Γ ` A →−Γ ` B

∨
Γ ` A ∨+

l
Γ ` A ∨ B

Γ ` B ∨+
r

Γ ` A ∨ B

Γ ` A ∨ B Γ ` A→ C Γ ` B → C ∨−Γ ` C

∀
Γ ` A(x)

∀+
Γ ` ∀x A(x)

(*)
Γ ` ∀x A(x)

∀−Γ ` A(t)

∃
Γ ` A(t)

∃+
Γ ` ∃x A(x)

Γ ` ∃x A(x) Γ ` ∀x (A(x)→ C)
∃−Γ ` C

(**)

⊥
Γ ` ⊥ efq
Γ ` A

Γ ` ¬¬A raa
Γ ` A
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Ways out of undecidability?

Due to the undecidability results, automatic procedures that check
the correctness of programs seem to be out of reach.

Possible ways out:

I Find interesting models for which truth of formulas is
decidable, that is, models M such that for each formula A
one can decide whether M |= A.

I Find interesting axiom systems with a decidable theory, that
is, axiom systems Γ such that one can decide for each formula
A whether Γ |= A (that is, by completeness, Γ ` A).

I Find interesting classes of formulas for which logical validity is
decidable.
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Peano Axioms
Let N be the structure of natural numbers with 0, successor,
addition and multiplication.

A natural axiom system for N are the Peano Axioms, PA:

0 6= S(x) (where S(x) means x + 1)

S(x) = S(y)→ x = y

A(0) ∧ ∀x (A(x)→ A(x + 1))→ ∀x A(x) (induction)

for every property A(x) of natural numbers.

plus further axioms about addition and multiplication.

The structure N and the Peano axioms are an example of of an
algebraic data type and its theory. Algebraic data types are
everywhere in programming.

All the results about N and the Peano axioms apply, mutatis
mutandis, to any algebraic data types. 54 / 72



Peano

Giuseppe Peano (1858-1932)
Italian mathematician and logician

Peano is one of the founders of mathematical logic. One of his
main contributions is the axiomatiztion of the natural numbers. In
mathematics he is known, for example, for the space-filling Peano
curve and the Peano existence theorem for ordinary differential
equations.
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Incompleteness and Undefinability
Gödel’s first Incompleteness Theorem (1931)

Let PA be the set of Peano axioms. There is a formula A such
that from PA neither A nor its negation, ¬A are provable.

The statement remains true if PA is replaced by any effectively
given extension of PA which is consistent, that is, free of
contradictions.

Tarski’s Undefinability Theorem (1936)

The set of formulas that is true in the structure N is not definable
in the language of first-order arithmetic.

In particular, this set is not decidable (since every decidable set is
definable).

Tarski’s theorem says that decidability of the truth of arithmetic
statements not only fails, but fails spectacularly.
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Tarski

Alfred Tarski (1901-1983)
Polish American mathematician and logician

Among Tarski’s most famous contributions to logic are the
definition of the semantics of first-order logic (also know as
Tarskian semantics), the undefinability theorem, and the proof that
the first-order theory of the real numbers is decidable.

Tarski had many PhD students who became famous logicians.
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Decidable fragments of first-order logic

Despite the widespread undecidability phenomenon in logic there
are many important axiom system which have decidable theories,
that is, it is decidable whether a formula can be proven from the
axiom system:

I Peano arithmetic without multiplication (Presburger
Arithmetic)

I Theory of real closed fields

I Valid first-order formulas with one unary function symbol

I In general any complete theory, for example the theory of
dense linear orders without endpoints

There are many other decidable theories in Computer Science,
many of which can be shown to be decidable by embedding them
into one of the theories above.

58 / 72



Complexity

In computer science it is often not enough to know that certain
properties of programs can be decided ’in principle’, one also
want’s how hard it it is to decide them.

Complexity theory measures the hardness of decision problems.

Some of the most well-known complexity classes are:

P: The class of problems solvable by a deterministic Turing
machine in polynomial time (in terms of the length of the input).

NP: The class of problems solvable by a non-deterministic Turing
machine in polynomial time.

EXPTIME: The class of problems solvable by a deterministic
Turing machine in exponential time.
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P vs NP
P ⊆ NP ⊆ EXPTIME but it is unknown if any of these inclusions
is strict (it is widely believed that they are strict).

The question whether P 6= NP is one of the greatest open
problems in computer science.

SAT, the satifiability problem for propositional logic (deciding
whether a given CNF is satisfiable) is NP complete, that is, it is in
NP, and it is the hardest problem in this class.

Therefore, the problem of proving P 6= NP is equivalent to proving
that there doesn’t exist a deterministic Turing machine that would
decide satisfiability of CNFs in polynomial time.

Decision algorithms based on Resolution, DPPLL or other methods
have still exponential runtime in the worst case, that is, they are –
from the perspective of complexity theory – not better than the
naive method of checking all 2n assignments.
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Hard and easy fragments of SAT
3−SAT, the restriction of SAT to CNFs with clauses of length at
most 3 is still NP−complete

2−SAT, however, is easy, that is, in P.

HORNSAT, the restriction of SAT to CNFs consisting of
Horn-clauses is in P as well.

A Horn-clause is a clause with at most one positive literal, for
example

¬A ∨ ¬B ∨ C

which is equivalent to
(A ∧ B)→ C

Horn-clauses are typically used in deductive data bases, expert
systems and automated theorem proving. They are also the
underlying language of logic programming.
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https://people.cs.umass.edu/~immerman/descriptive_complexity.html
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Artificial Intelligence

Artificial intelligence gan be roughly divided into

I reasoning based approaches (e.g. automated deduction)

I learning based approaches (e.g. machine learning, artificial
neural networks)

We briefly look at logic programming, a reasoning based approach.
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Logic Programming
A logic program is a CNF consisting of Horn-clauses.

summer

∧ (summer→ warm)

∧ (sunny→ warm)

∧ ((summer ∧ warm)→ happy)

In Prolog, the programming language implementing logic
programing, this reads:

summer.

warm :- summer.

warm :- sunny.

happy :- summer, warm.

One can ask a query: ?- happy.

Prolog will answer: true

since it can automatically derive the fact happy from the program.
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A data base for flight connections

direct(genoa, hongkong).

direct(genoa, cardiff).

direct(hongkong, sidney).

direct(sidney, brisbane).

connection(X, Y) :- direct(X, Y).

connection(X, Y) :- direct(X, Z), connection(Z, Y).

The last two clauses mean:
∀X ,Y . (direct(X ,Y )→ connection(X ,Y ))
∀X ,Y ,Z . (direct(X ,Z )∧ connection(Z ,Y )→ connection(X ,Y ))

The query ?- connection(genoa,X) means:
’prove the formula ∃X . connection(genoa,X )’.

Since Prolog’s proofs are constructive, Prolog will in fact find a
constant c and a proof of connection(genoa, c). The constant c is
returned as a result.
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Symbolic arithmetic
Addition of natural numbers, represented by the terms
0, s(0), s(s(0)), ..., can be defined in Prolog by a predicate
sum(X,Y,Z) meaning X + Y = Z.
The idea is, to model the following recursive definition of addition:

X+0 = X

X+s(Y) = s(X+Y)

Therefore

sum(X, 0, X).

sum(X, s(Y), s(Z)) :- sum(X, Y, Z).

Queries like

?- sum(s(0),s(s(0)),Z).

?- sum(s(0),Y,s(s(0))).

?- sum(X,s(0),s(s(0))).

?- sum(X,Y,s(s(0))).

will produce all possible solutions.
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A puzzle

Professor to assistant: There are three people in the waiting room.
The product of their ages is 2450. The sum of their ages is twice
your age.

Assistant: I still don’t know their ages.

How old is the assistant?

For the solution, see demo.
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Classical Logic

Theorem

There are irrational numbers a and b such that ab is rational.

Proof. We do case analysis according to whether or not
√

2
√

2
is

rational.

Case
√

2
√

2
is rational. Then we can take a = b

Def
=
√

2, because,
as we all know,

√
2 is irrational.

Case
√

2
√

2
is irrational. Then take a

Def
=
√

2
√

2
and b

Def
=
√

2 and
we have

ab = (
√

2

√
2
)
√

2 =
√

2

√
2∗
√

2
=
√

2
2

= 2

Although this is a nice and short proof, it is somewhat
unsatisfactory, since we still do not know what a and b are.
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Constructive Logic
The case analysis in the previous theorem made use of the law of
excluded middle

A ∨ ¬A

(with A
Def
= ’
√

2
√

2
is rational’).

The law of excluded middle is valid in classical logic.

Constructive logic is, roughly speaking, classical logic without the
law of excluded middle.

Existence Theorem for Constructive logic

From a constructive proof of a formula of the form ∃x .A(x) one
can extract a term t such that A(t) is provable.

As we saw in the previous example, an analogous theorem for
classical logic does not hold.
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Semantics of Constructive Logic

Constructive Logic is incomplete w.r.t. Tarskian semantics, since
the valid law of excluded middle is not provable.

However, there are other styles of semantics (Kripke semantics and
categorical semantics) for which constructive logic is complete and
which are more adequate for constructive logic.
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Interactive Theorem Provers

There are a number of interactive theorem provers, most based on
constructive logic, which were successfully applied to solve open
problems in mathematics, formalize difficult mathematical proofs
and verify computer software: Mizar, Nuprl, Minlog, Coq,
Isabell/HOL, Agda, Matita.

Here are some examples of applications:

I Keplers’ conjecture about optimal packing of balls
(Isabelle/HOL, Hales).

I Verification of security protocols (Isabelle/HOL, Paulson)

I Formalization of the Four Colour Theorem (Coq, Gonthier,
Werner)

I Formalization of the Feit Thompson Theorem (Coq, Gonthier)

I Formalization of the Fundamental Theorem of Algebra (Coq)

I Verification of train control systems (Coq)
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Conclusion

This lecture presented a selection of topics in Logic in Computer
Science.

I am aware of the fact that I left more out than I showed.

Nevertheless I hope that that lecture gave a hint of how deeply
logic permeates computer science and how important it is for the
development of this dicipline.
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