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Abstract

We study the proof-theoretic and computational prop-
erties of open induction, a principle which is classically
equivalent to Nash-Williams’ minimal-bad-sequence argu-
ment and also to (countable) dependent choice (and hence
contains full classical analysis). We show that, intuitionisti-
cally, open induction and dependent choice are quite differ-
ent: Unlike dependent choice, open induction is closed un-
der negative- andA-translation, and therefore proves the
sameΠ0

2-formulas (over not necessarily decidable, basic
predicates) with classical or intuitionistic arithmetic. Via
modified realizability we obtain a new direct method for ex-
tracting programs from classical proofs ofΠ0

2-formulas us-
ing open induction. We also show that the computational in-
terpretation of classical countable choice given by Berardi,
Bezem and Coquand [2] can be derived from our results.

1. Introduction

The combination of G̈odel’s negative- and Friedman’s
A-translation yields a simple and flexible method for prov-
ing theΠ0

2-conservativity of the classical versions of various
formal systems over their intuitionistic counterparts. With
Kleene/Kreisel (modified) realizabiliy added one obtains a
method for extracting computational content from classical
proofs which can be applied to, for example, various exten-
sions of Peano arithmetic and Zermelo-Fraenkel set theory
[11]. Unfortunately, the method does not work for classi-
cal analysis formalized as an extension of Peano arithmetic
with function variables plus the axiom scheme ofcountable
choice

AC ∀n ∃xA(n, x) → ∃f ∀n A(n, fn)

or dependent choice
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DC ∀n ∀x∃y A(n, x, y) → ∃f ∀n A(n, fn, f(n + 1)).

(the latter scheme is calledωAC in [19]; see e.g. [14], or
[13] for other, equivalent forms of dependent choice). The
method fails in this case becauseACN, the negative trans-
lation ofAC, is not intutitionistically provable (fromAC or
any other intuitionistically valid principles). The same holds
for DCN andDC.

There are, however, other methods: Spector [27] ex-
tended G̈odel’s Dialectica interpretation [12] to classical
analysis by interpretingACN by bar recursion in finite
types. Another solution was given by Berardi, Bezem and
Coquand [2] who used a special form of realizability to in-
terpretACN. Oliva and the author [3] gave a modified re-
alizability interpretation of theA-translation ofACN and
DCN based on a variant of bar recursion in finite types. Re-
cently, a rather different, more machine oriented interpreta-
tion was proposed by Krivine [18].

The significance of Spector’s interpretation for reductive
proof theory is widely regarded rather limited [10, 1] (but
see [19]), and the other interpretations mentioned above do
not seem to make new contributions in this respect. How-
ever, thereare improvements concerning the algorithmic
behavior of the extracted realizers: In particular the realizer,
let us call itΦ, of ACN given by Berardi, Bezem and Co-
quand is very appealing as it implements a clever ‘demand
driven’ algorithm [2] which seems to be superior over the
other solutions (e.g. bar recursion) which rather perform a
‘blind’ (though terminating) search.

The research presented in our paper was prompted by
the desire to find a simple explanation and correctness argu-
ment forΦ replacing the somewhat ad-hoc realizability in-
terpretation and complicated proof in [2]. Indeed, we show
thatΦ is the computational content of the (negative- andA-
translated) classical proof ofAC using the principle ofopen
induction(and a realizer thereof).

The principle of open induction was formulated by
Raoult [24] in a classical context and discussed by Co-
quand [6] from an intuitionistic point of view. It is a classi-



cal reformulation of Nash-Williams minimal-bad-sequence
argument which is used in classical proofs of Kruskal’s the-
orem and related theorems [21, 6]. Open induction is the
scheme of induction over infinite sequences ordered lex-
icographically, but restricted to predicates that are open
in the pointwise topology. The restriction is necessary be-
cause the lexicographic ordering on infinite sequences is
not wellfounded for arbitrary predicates.

As we will see, open induction fits well into the extrac-
tion method based on negative translation,A-translation and
realizability. In particular the modified realizability inter-
pretation of open induction is straightforward and can eas-
ily be proven to be correct by open induction. In order to
have closure under negative translation we will work with
a version of open induction based on an intuitionistically
slightly more general (but classically equivalent) notion of
open predicates than in [6]. On the other hand we show that
open induction is classically equivalent to the (intuition-
istically apparently weaker) principle ofupdate induction
which corresponds to open induction over a wellfounded re-
lation having descending chains of length at most two.

Our paper not only aims at proof-theoretic results, but
also at developing methods that are of interest to practical
program extraction from proofs. Our interpretation of open
induction allows for a direct extraction of programs from
classical proofs using the minimal-bad-sequence argument,
avoiding the reduction of the minimal-bad-sequence argu-
ment to dependent choice. In order to facilitate applications
we work with a finite type system and allow free predicate
symbols as parameters which are not a-priory assumed to
be decidable as well as additional Horn-axioms.

Themain resultsof the paper are: TheΠ0
2-conservativity

of classical open induction over intuitionistic open induc-
tion (theorem 3.7), a reduction of classical dependent choice
to a restricted form of update induction forΠ0

2-formulas
(theorem 3.9), a realization of open and update induction
(theorems 4.5 and 4.4), program extraction from classical
proofs ofΠ0

2-formulas using open induction or dependent
choice (theorems 5.2, 5.3 and 5.6), and, finally, the extrac-
tion of the Berardi-Bezem-Coquand realizer ofACN from a
proof using update induction and thus a definition of this re-
alizer in terms of update recursion.

2. Intuitionistic and classical arithmetic in fi-
nite types

We work in the following extension of Heyting arith-
metic in finite types.Typesare the base types() (denoting a
singleton set),nat andboole, function typesρ → σ, product
typesρ×σ, and finite sequencesρ∗. We setρω :≡ nat → ρ.
Termsare typed lambda terms with the usual constants for
the given types including constants for Gödel primitive re-
cursion in all types over the natural numbers, the booleans

(i.e. definition by cases), and finite sequences. For a fi-
nite sequencew: ρ∗ andx: ρ we let w∗x be the finite se-
quence obtained fromw by attachingx as last element. If
α: ρω is an infinite sequence, then(w@α) denotes the in-
finite sequence obtained by overridingα with w, that is,
(w@α)k = wk if k < |w| and= αk otherwise.Atomic for-
mulasare of the formP (t1, . . . , tn) whereP is taken from
a given set offree predicate symbolseach of a fixed arity
(ρ1, . . . , ρn). We do not specify precisely the set of pred-
icate symbols, but assume that it includes a nullary predi-
cate symbol⊥, for absurdity, and for each typeρ a binary
predicate symbol=ρ for equality at typeρ. Type informa-
tion will often be suppressed if it is clear from the context
or irrelevant. A boolean equation of the formt = T will
often be abbreviated byt alone.Formulasare built from
atomic formulas by∧, ∨, →, ∀xρ and ∃xρ . ¬A stands
for A → ⊥. Axiomsare the schemes of induction for nat-
ural numbers, finite sequence (of arbitrary type) and the
booleans (the latter isA(T) ∧ A(F) → ∀b A(b)), the defin-
ing equations for the constants,βη-equality, and a certain
setH of closed Horn-formulas, i.e. formulas of the form
∀~x (A0 ∧ . . . ∧ An−1 → An) where theAi are atomic for-
mulas (the point is that Horn-formulas intuitionistically im-
ply their negative- andA-translations and have no computa-
tional content). It is not necessary to completely fix the set
H, but it suffices to require that all its members are true in
the modelC of total continuous functionals (see section 5)
w.r.t. the intended interpretation of the free predicate sym-
bols. Thelogical rules of HAω are those of intuitionistic
logic with equality. We denote the system described above
by HAω[H], or HAω for short.PAω is like HAω, but with
classical logic. We writeΓ ` A respectivelyΓ `cl A if A
is provable inHAω respectivelyPAω from assumptionsΓ.
Γ ` ∆ meansΓ ` D for all D ∈ ∆. Unless stated other-
wise, by a ‘proof’ we will mean a proof inHAω.

Remark. SinceHAω has no axioms expressing decidabil-
ity or extensionality of equality it is similar to what is called
neutral Heyting arithmeticin [28]. Note however that some
extensionality is available through the Horn-theoryH: If H
contains all equations,r = s, with Ext ` r = s whereExt
is the principle of extensionality

Ext ∀xρ fx =σ gx → f = g

(which is valid in C, but not a Horn formula), thenHAω

is closed under the followingweak extensionality rule(see
e.g. [16]): If ∆ ` ∀x rx = sx where∆ is a set of quan-
tifier free formulas, then∆ ` r = s. Note however that
quantifier free formulas arenotdecidable in general, that is,
we cannot necessarily prove the law of excluded middle for
them.

We now recall some well-known facts about negative-
andA-translation adapted to our version ofHAω. Gödel’s



negative translation, A¬¬, double negates all atomic, dis-
junctive and existential subformulas of a formula.

Lemma 2.1 (a) ` ¬¬A¬¬ → A¬¬.

(b) If Γ `cl A, thenΓ¬¬ ` A¬¬.

Proof. (a) is proved by induction onA, (b) is proved by in-
duction on derivations using (a) and the fact thatH ` H¬¬

for Horn-formulasH.
For formulasA,B we defineBA (the A-translation of

B) as the formula obtained fromB by replacing⊥ by A
and every other atomic subformulaC by C ∨A.

Lemma 2.2 (a) ` A → BA.

(b) If Γ ` B, thenΓA ` BA.

Proof. (a) is proved by induction onB, (b) is proved by in-
duction on derivations using the fact thatH ` HA for Horn-
formulasH.

Next we make precise what we mean by aΣ-formula. A
type without→ is called adata type, and a predicate of ar-
ity (τ1, . . . , τn) where allτi are data types is called adata
predicate. A formula is called adata formulaif all predicate
symbols occurring in it are data predicates. AΣ-formula
is a data formula which is→ ∀ free, i.e. Σ-formulas are
built from atomic data formulas by conjunction, disjunc-
tion and existential quantification. Clearly anyΣ-formula is
intuitionistically equivalent to a formula of the form∃~xA
whereA is a quantifier free data formula. The imposed re-
striction on the arities of predicates will entail a continu-
ity property (lemma 4.3) which is needed in the correctness
proof for the realizer of open induction.

Lemma 2.3 LetB be a→ ∀ free formula.

(a) ` B¬¬ ↔ ¬¬B.

(b) ` BA ↔ B ∨A.

Proof. Easy induction onB.

We say an axiom systemΓ is closed under negative
translationrespectivelyclosed underA-translation if Γ `
Γ¬¬ respectivelyΓ ` ΓA for everyΣ-formulaA.

Theorem 2.4 (Friedman) SupposeΓ is closed underA-
translation. ThenΓ is closed underMarkov’s rule, i.e. if
Γ ` ¬¬A, thenΓ ` A, for everyΣ-formulaA.

Proof. Assume thatΓ is closed underA-translation and
Γ ` ¬¬A whereA is aΣ-formula. Then, by lemma 2.2 (b),
ΓA ` (¬¬A)A, that is,ΓA ` (AA → A) → A. SinceΓ is
closed underA-translation and, by lemma 2.3 (b),AA → A
is provable, it followsΓ ` A.

Corollary 2.5 Let Γ be closed under negative translation
and A-translation. ThenΓ `cl A implies Γ ` A for ev-
eryΣ-formulaA.

Proof. Lemmas 2.1 (b), 2.3 (a) and theorem 2.4.

An example of an axiom systemΓ satisfying the hy-
potheses of corollary 2.5 istransfinite inductionon a (de-
cidable) relation<: ρ× ρ → boole,

TI(<) ∀x (∀y < x A(y) → A(x)) → ∀xA(x)

whereA ranges over arbitrary predicates. As already re-
marked, dependent choice,DC, and countable choice,AC
both donot satisfy the hypotheses of corollary 2.5, neither
does the scheme of extensionality,Ext. All these principles
fail to be closed under negative translation.

3. Open induction and update induction

The principle of open induction we study here is, from an
intuitionistic point of view, slightly more general than the
one in [6]. For any predicateB of arity (ρ∗) and any quan-
tifier Q ∈ {∀,∃} we define a predicateBQ of arity (ρω)
by BQ(α) :≡ Qn B(αn) whereαn :≡ [α0, . . . , α(n− 1)].
A predicateU over ρω is calledopen if there are a pred-
icate C and aΣ-predicateB such thatU(α) is equiva-
lent to C∀(α) → B∃(α) (in [6] open predicates are of
the form B∃(α) with decidableB). For a decidable re-
lation <: ρ × ρ → boole on ρ we define a binary re-
lation <lex on ρω (the lexicographic extension of<) by
β <lex α :≡ ∃n (βn = αn ∧ βn < αn). The principle
of open inductionis

OI ∀α (∀β <lex α U(β) → U(α)) → ∀α U(α).

whereU ranges over open predicates and< is assumed to
be provably wellfounded, i.e. transfinite induction for<,
TI(<), is provable.

Remarks. 1. <lex is not wellfounded (except when< is
trivial). For example, in Cantor space we have the infinite
descending sequence

10000 . . . >lex 01000 . . . >lex 00100 . . . >lex . . .

2. Classically, any predicate of the formU(α) ≡ C∀(α) →
B∃(α) (with C andB arbitrary) is equivalent to a predicate
of the formU(α) ≡ ¬C∀(α) and hence open.

Lemma 3.1 Open predicates are extensional, i.e. ifU(α)
is open, then we have

∀n αn = βn → U(α) → U(β)

Proof. This follows from the fact that inU(α) the variable
α occurs only in contexts of the formαn wheren is not
lambda-abstracted.

As observed by Coquand [6], the principle of open in-
duction can be reduced intuitionistically to the following



principle of relativized bar induction [19] (also called ex-
tended bar induction [29]). We show that this still holds for
our more general notion of open predicate. LetB,S, P be
predicates onρ∗ whereB is aΣ-predicate and callP hered-
itary onS if ∀w ∈ S (∀x (S(w∗x) → P (w∗x)) → P (w)).
Then the principle ofrelativized bar inductionof typeρ is

RBI S([]) ∧ (S∀ ⊆ B∃) ∧ (S ∩B ⊆ P )∧
∧ (P hereditary onS) → P ([])

Classically, this principle follows from dependent choice.
The question whether it is constructively acceptable is dis-
cussed in [19]. The following proposition and its proof are
a straightforward generalization of Coquand’s result [6].

Proposition 3.2 Relativized bar induction proves open in-
duction.

Proof. Let < be a wellfounded relation andU an open pred-
icate, i.e.U(α) ≡ C∀(α) → B∃(α) with a Σ-predicateB.
AssumeU is ‘progressive’, that is∀α (∀β <lex α U(β) →
U(α)). Let α0: ρω be arbitrary withC∀(α0). We have to
showB∃(α0). For w: ρ∗ we setP (w) :≡ ∀α U(w@α). It
suffices to proveP ([]). We will do this by relativized bar in-
duction with the predicatesB andP as given respectively
defined above andS(w) :≡ C(w) ∧ (w = [] ∨ ∃v, x (w =
v∗x∧∀y < x P (v∗y))). We need to verify the four premises
of (RBI). S([]) holds because we assumedC∀(α0). To
showS∀ ⊆ B∃ we assumeS∀(α). ThenC∀(α). Hence, be-
causeU is progressive, it suffices to show∀β <lex α U(β).
Let β <lex α, sayβn = αn andβn < αn. SinceS∀(α) we
haveS(α(n+1)) and henceP (β(n+1)) becauseβn < αn.
ThereforeU(β). S ∩ B ⊆ P holds trivially since even
B ⊆ P . Finally we need to show thatP is hereditary onS.
Let w ∈ S such thatS(w∗x) → P (w∗x) for all x. In order
to showP (w) it suffices to show∀xP (w∗x). We do this by
induction on the wellfounded relation<. We need to show
P (w∗x) under the induction hypothesis∀y < xP (w∗y).
By definition ofP we may in addition assumeC(w∗x). But
thenS(w∗x) and hence alsoP (w∗x).

Remark. As shown by Coquand [7], open induction
for ordinary open predicates (i.e. predicates of the form
U(α) ≡ B∃(α) with decidableB) on Cantor space can be
proven by (ordinary) bar induction with decidable bar. The
computational content of this form of open induction has
been analyzed by Mahboubi [20].

We also consider a principle similar to open induction
which we callupdate induction. Update induction is con-
cerned withpartial sequences of typeρ by which we mean
objects of type(boole × ρ)ω (the idea behind the type
boole× ρ is to simulate a type1+ ρ or Haskell’sMaybe ρ).
For any partial sequenceα the sequencedom(α): booleω

andval(α): ρω are defined byαn = (dom(α)n, val(α)n).
dom(α) represents (the characteristic function of) the do-

main ofα. So, we regardα as ‘defined’ atn if and only if
dom(α)n = T and in that caseval(α)n is its value. We will
often write ‘n ∈ dom(α)’ for ‘ dom(α)n = T’ and ‘α[n]’
instead of ‘val(α)n’. If n 6∈ dom(α), i.e. dom(α)n = F,
andx is of typeρ, then we call the partial sequenceαx

n :≡
αn∗(T, x)@α, i.e.αx

nn = (T, x) andαx
nk = αk for k 6= n,

an updateof α. We writeβ <up α if β is an update ofα.
The principle of update induction is now

UI ∀α (∀β <up α U(β) → U(α)) → ∀α U(α)

whereU ranges over open predicates.

Proposition 3.3 Open induction proves update induction.

Proof. The binary relation< on boole × ρ defined by
(b, y) < (a, x) :≡ b = T ∧ a = F is clearly decidable
and wellfounded, andβ <up α impliesβ <lex α.

Proposition 3.4 The principles of dependent choice, open
induction and update induction are classically (i.e. prov-
ably inPAω) equivalent.

Proof. DC impliesOI. We repeat the (well-known) argu-
ment given in [6]. One proves the contrapositive ofOI,
i.e. the minimal-bad-sequence argument. Assumeα0: ρω is
an infinite bad sequence, that is,¬U(α0) holds. Using de-
pendent choice and the minimal element principle for<
(i.e. transfinite induction on<) one constructs an infinite
sequenceα: ρω such that for eachn the finite sequence
α(n+1) can be extended to an infinite bad sequence, but for
eachy < αn the sequenceαn∗y cannot. BecauseU is open
α is bad and, by construction ofα, all β <lex α are good,
i.e.U(β) holds. Alternatively one can proveRBI from DC,
as remarked earlier, and use proposition 3.2.

OI impliesUI. Proposition 3.3.
UI impliesDC. Assume (1)∀n ∀xρ ∃yρ A(n, x, y). Let

us call a partial sequenceα of typeρ a ‘partial choice func-
tion’ if 0 ∈ dom(α) and for all n if n + 1 ∈ dom(α)
then n ∈ dom(α) and A(n, α[n], α[n + 1]) holds. Note
that beingnot a partial choice function is an open prop-
erty of partial sequences. Clearly there exist partial choice
functions, for example any partial sequence with domain
{0} is one. By update induction and classical logic it fol-
lows that there is a partial choice functionα such that all
updates ofα aren’t partial choice functions. It suffices to
show thatα is total, since then forf :≡ val(α) we have
∀n A(n, fn, f(n + 1)). Assumeα were not total. letn be
minimal such thatn + 1 6∈ dom(α). By (1) there existsy
such thatA(n, α[n], y) holds. Clearlyβ :≡ αy

n+1 is a par-
tial choice function which updatesα contradicting the as-
sumption onα.

A closer look at the third part of the proof above shows
that we in fact proved intuitionistically the negative version
of dependent choice from a special instance of update in-
duction. A similar fact holds for the negative version of



countable (independent) choice. We call a predicateU(α)
1-openif U(α) is of the formD(α) → B∃(α) whereB is a
Σ-predicate andD(α) ≡ ∀n (n ∈ dom(α) → D0(n, α[n])
with an arbitrary predicateD0. 2-open predicates are de-
fined similarly, but withD(α) ≡ ∀n > 0 (n ∈ dom(α) →
n − 1 ∈ dom(α) ∧ D0(n, α[n − 1], α[n]). Clearly, every
p-open predicate is open. We letUIp denote update induc-
tion restricted top-open predicates.

Proposition 3.5 (a) UI1 proves

ACN ∀n¬¬∃xA(n, x) → ¬¬∃f ∀n A(n, fn)

(b) UI2 proves

DCN ∀n ∀x¬¬∃y A(n, x, y) →
¬¬∃f ∀n A(n, fn, f(n + 1))

Proof. To prove (a), assume (1)∀n¬¬∃xA(n, x) and (2)
¬∃f ∀n A(n, fn). We call α a partial choice function if
A(n, α[n]) holds for alln ∈ dom(α). Clearly, not being
a partial choice function is a1-open property. We prove
by update induction that there is no partial choice func-
tion (which is absurd). Assume thatα is a partial choice
function. By (2) it suffices to showdom(α)n = T for ev-
eryn, since then∀n A(n, val(α)n). Assumedom(α)n = F
(equality between booleans is decidable!). By (1) it suffices
to show¬∃xA(n, x). AssumeA(n, x) for somex. Then
β :≡ αx

n is a partial choice function updatingα, which con-
tradicts the (update) induction hypothesis. Part (b) is proved
similarly along the lines of the third part of proposition 3.4.
Note that the proof of (b) involves induction on natural num-
bers while the proof of (a) does not.

Lemma 3.6 Open induction and update induction are both
closed under negative translation andA-translation.

Proof. First note that the negative translation and theA-
translation of an open predicate are open. Furthermore, by
lemma 3.1,β <lex α is equivalent to the→ ∀ free for-
mula ∃n, y, γ (y < αn ∧ β = αn∗y@γ). Therefore, we
we have, by lemma 2.3, that(β <lex α)¬¬ ↔ ¬¬β <lex α
and(β <lex α)A ↔ β <lex α ∨ A. From this and the lem-
mas 2.1 (a), and 2.2 (a) it follows easily that the negative- re-
spectivelyA-translation of open induction forU is implied
by open induction for¬¬U respectivelyUA. The same ar-
gument works for update induction sinceβ <up α is equiv-
alent to the→ ∀ free formula∃n (dom(α)n = F ∧ β =
αn∗(T, β[n])@α).

Theorem 3.7 Classical open induction is conserva-
tive over intuitionistic open induction forΣ-formulas. More
precisely, a proof ofOI `cl A whereA is aΣ-formula trans-
lates via negative andA-translation into a proof ofOI ` A.
A corresponding result holds for update induction.

Proof. Lemma 3.6 and corollary 2.5.

Lemma 3.8 Update induction restricted top-open predi-
cates, wherep = 1, 2, is closed underA-translation.

Proof. It is easy to see that theA-translation (but unfortu-
nately in general not the negative translation) of ap-open
predicate is againp-open. The rest is similar to the proof of
lemma 3.6.

Theorem 3.9 LetA be aΣ-formula.

(a) If AC `cl A, thenUI1 ` A.

(b) If DC `cl A, thenUI2 ` A.

Proof. (a) If AC `cl A, thenACN ` ¬¬A, by lemmas 2.1
and 2.3. With proposition 3.5 it followsUI1 ` ¬¬A and
henceUI1 ` A, by lemma 3.8 and theorem 2.4. The argu-
ment for (b) is similar.

4. Realizability

SinceHAω has a well-known computational interpreta-
tion, e.g. in terms of realizability, theorem 3.9 reduces the
problem of extracting computational content from proofs
of Σ-formulas using dependent choice and classical logic
to the problem of realizing update induction. In order to
carry this out we will work with (a formalized version
of) Kreisel’s modified realizability[17] as described e.g.
in [28]. For every formulaA and termr (of a type deter-
mined byA) the formular mrA is defined by induction on
A (w.l.o.g. we assumer to be in longβη normal form):

r() mrA ≡ A if A is atomic,
(r, s)mr (A ∧B) ≡ r mrA ∧ smrB

(bboole, r, s)mr (A ∨B) ≡ (b = T ∧ r mrA) ∨
(b = F ∧ smrB)

rρ→σ mr (A → B) ≡ ∀xρ (xmrA → rxmrB)
(r, s)mr∃xA(x) ≡ smrA(r)

rρ→σ mr∀xρ A(x) ≡ ∀x (rxmrA(x))

Theorem 4.1 (Soundness of realizability)Assume
B1, . . . , Bn ` A. Then x1 mrB1, . . . , xn mrBn `
r mrA for some termr extracted from the given deriva-
tion.

Proof. Induction on derivations using the fact that
` r mrH ↔ H for Horn-formulasH.

Lemma 4.2 (a) ` A ↔ ∃x (xmrA) for every→ ∀ free
formulaA.

(b) If B is aΣ-formula, so is the formular mrB.

Proof. Induction on formulas.

From theorem 3.9 and the theorem and lemma above it
follows that a realizability interpretation of restricted up-
date induction,UI2, will provide us with a method of ex-
tracting from every proof ofDC `cl ∃xA(x) whereA is a



Σ-formula a termr such thatA(r) holds. Similarly, by the-
orem 3.9, a realization of open induction will allow us to ex-
tract from a proofOI `cl ∃xA(x) a termr such thatA(r)
holds. The reason why we treat the schemesDC and OI
separately, even though by proposition 3.4 they are classi-
cally equivalent, is computational: ForDC we just need a
realizer ofUI2 which, as we will see, is simpler than the re-
alizer of OI. On the other hand, the classical reduction of
OI to DC is hard to formalize (minimal-bad-sequence argu-
ment, or proposition 3.2), thereore, given a classical proof
using open induction (e.g. Kruskal’s theorem), it might be
advantageous to extract a program directly using a realizer
of OI.

Troelstra [28] observed that transfinite induction,TI(<),
on a decidable wellfounded relation< can be realized by a
recursive functional

TR Rfx = fx(λy.if y < x then Rfy)

where ‘if b then zσ ’ is shorthand for ‘if b then z else 0σ ’ with
some (arbitrary) closed term0σ. A similar recursion scheme
was proof-theoretically analyzed by Schwichtenberg and
Wainer [25]. For realizing open and update induction we
can use the same idea, however, we have to take into ac-
count that<up and <lex are not decidable and not well-
founded for arbitrary predicates. Note that update induction
can be equivalently stated as

UI ∀α (∀n 6∈ dom(α)∀xU(αx
n) → U(α)) → ∀α U(α)

This suggests to add for each pair of typesρ, τ whereτ is
a data type a constantRu

ρ,τ for update recursionwith the
defining equation

UR Rufα =τ fα(λn, x.if n 6∈ dom(α) then Rufαx
n)

wheref is of typeρω. Similarly, open induction is equiva-
lent to

OI ∀α (∀n, y, γ (y < αn → U(αn∗y@γ)) → U(α))
→ ∀α U(α)

suggesting constantsORρ,τ,< for open recursion

OR Rofα =τ fα(λn, y, γ.if y<αn then Rof(αn∗y@γ))

where againτ is a data type andf is of typeρω. We will
show that open induction can indeed be realized using open
recursion, and the restricted forms of update induction,UI1
andUI2 (which are sufficient by theorem 3.9), are realized
by update recursion (full update induction, however, seems
to require a realizer similar to open recursion).

In order to prove that the realizers we will construct are
correct we need the following continuity principle for func-
tionalsF of typeρω → nat

Cont ∀F, α ∃n ∀β (αn =ρ βn → Fα =nat Fβ)

This principle holds in all constructively meaningful mod-
els ofHAω. In particular it holds in the model of continuous
functionals [15, 17] (see also section 5).

Lemma 4.3 For every Σ-formula A we have
Cont ` ∀α (A(α) → ∃n ∀β (αn = βn → A(β))).

Proof. It easy to see thatCont can be generalized to func-
tionalsF of typeρω → τ whereτ is a data type. It follows
that the assertion holds for atomicΣ-formulas (because of
the restriction on arities of predicates), and hence, by induc-
tion, for all Σ-formulas.

Theorem 4.4 Cont + OI + OR ` ΦmrOI for some term
Φ explicitely definable from open recursion.

Proof. Let U(α) be open, that is, of the formC∀(α) →
B∃(α) whereB is aΣ-predicate. Letσ andτ be the types
corresponding to the formulasC andB respectively. Note
that τ is a data type. Using the open recursorRo

ρ×σ,τ,<′ ,
where(y, z) <′ (y1, z1) :≡ y < y1, we can define a termΦ
such that the equation

Φfαδ =τ fα(λn, yρ, γ, η.
if y < αn thenΦf(αn∗y@γ)(δn@η))δ

follows from OR. In order to prove thatΦ realizesOI for
the given predicateU we assume thatf realizes the progres-
siveness ofU , i.e.

f mr∀α (∀n, y, γ (y < αn → U(αn∗y@γ)) → U(α))

We have to showΦf mr∀α U(α), which expands to
∀α, δ (δ mrC∀(α) → Φfαδ mrB∃(α)). Note that, identi-
fying (α, δ) with λk(αk, δk) and by lemmas 4.2 (b) and 4.3,
the predicateV (α, δ) :≡ δ mrC∀(α) → Φfαδ mrB∃(α)
is open, which allows us to argue by open induction. As-
sume δ mrC∀(α). We need to proveΦfαδ mrB∃(α).
By Φ’s defining equation and the assumption thatf re-
alizes the progressiveness ofU this reduces to showing
Φf(αn∗y@γ)(δn@η)mrB∃(αn∗y@γ) for all n, y, γ, η
such thaty < αn andη mrC∀(αn∗y@γ). By open induc-
tion hypothesis it suffices to showδn@η mrC∀(αn∗y@γ),
i.e.∀k ((δn@η)k mrC(αn∗y@γk)). Fork < n this holds
becauseδ mrC∀(α), for k ≥ n this follows from the as-
sumptionη mrC∀(αn∗y@γ).

Theorem 4.5 Cont + UIp + UR ` ΦmrUIp (p = 1, 2)
for a termΦ explicitely definable from update recursion.

Proof. The proof is similar to the previous proof, but
slightly more technical. We only prove the casep = 2, the
casep = 1 being similar. LetU(α) (α of type(boole×ρ)ω)
be2-open, that is, of the formD(α) → B∃(α) whereB is a
Σ-predicate andD(α) ≡ ∀n > 0 (n ∈ dom(α) → n− 1 ∈
dom(α) ∧D0(n, α[n− 1], α[n])). Let σ andτ be the types



corresponding to the formulasD0 andB respectively. Us-
ing the update recursorRu

ρ×σ,τ we can explicitely define a
termΦ such that

Φfαδ =τ fα(λn, xρ, η.if n 6∈ dom(α) thenΦfαx
nδηn

n )δ

follows from UR. In order to prove thatΦ realizesUI for
the given predicateU we assume thatf realizes the progres-
siveness ofU , i.e.

f mr∀α (∀n, x (n 6∈ dom(α) → U(αx
n)) → U(α)).

We have to show∀α, δ (δ mrD(α) → Φfαδ mrB∃(α)).
We again identify(α, δ) with λk(αk, δk) and see that the
predicateV (α, δ) :≡ δ mrD(α) → Φfαδ mrB∃(α)
is 2-open, so we may argue by update induction. As-
sumeδ mrD(α), i.e. ∀k > 0 (k ∈ dom(α) → k − 1 ∈
dom(α) ∧ δk mrD0(k, α[k − 1], α[k])). We need to
prove Φfαδ mrB∃(α). By the given assumptions we
need to showΦfαx

nδηn
n mrB∃(αx

n) for all n, x, η such
that n 6∈ dom(α) and η mrD(αx

n). By update induc-
tion hypothesis it suffices to showδηn

n mrD(αx
n). Assume

0 < k ∈ dom(αx
n). We need to showk − 1 ∈ dom(αx

n)
and δηn

n mrD0(k, αx
n[k − 1], αx

n[k]). From n 6∈ dom(α)
andδ mrD(α) it follows k ≤ n. If k < n we use the as-
sumptionδ mrD(α). If k = n, then we are done because
η mrD(αx

n).

5. Program extraction

By program extraction in general we mean the process of
extracting from a proof of∀x∃y A(x, y) a termΦ such that
∀xA(x,Φx) holds in a certain structure and the value ofΦx
can be computed for every instance ofx. A natural structure
for interpreting finite type languages is the modelC of to-
tal continuous functionalsof Kleene [15] and Kreisel [17]
(see also [22]). This model satisfies the continuity principle
and dependent choice (the latter holds because inC a type
ρω is interpreted as the set ofall sequencesα: N → Cρ). Er-
shov [9] showed thatC is the extensional collapse of the to-
tal elements of the domain-theoretic modelĈ of partial con-
tinuous functionals[26] (where, of course, ‘total’ is meant
here in the domain-theoretic sense and not in the sense of
the proof of proposition 3.4). The model̂C has the advan-
tage that every computable functional of a typeρ → ρ has
a least fixed point. Hence for any extension of Gödel’s sys-
tem T (i.e the term system described in section 2) by con-
stantsc with recursive defining equations,c = rc, every
closed termt has a natural valuetĈ in Ĉ. It follows, by Er-
shov’s result, that if a constant given by a recursive equa-
tion as above has a total solution in̂C it has a solution inC
as well.

Proposition 5.1 The update recursorRu and the open re-
cursorRo are total and hence exist in the total continuous
functionals.

Proof. Let f ∈ Ĉ of type(boole × ρ)ω → (ρ → τ)ω → τ
be total. Forα ∈ Ĉ of type(boole× ρ)ω we defineU(α) ≡
α total → Rufα total. SinceRu is continuous,τ is a data
type andC satisfiesCont, it follows thatU(α) is an open
property. From the recursion equationUR it is clear that
U(α) is ‘update progressive’ (i.e. satisfies the hypothesis
of update induction). Therefore, by update induction,U(α)
holds for allα. ForRo the proof is similar.

Theorem 5.2 From a derivationOI `cl ∀xρ ∃yτ A(x, y)
whereA(x, y) is a Σ-formula andτ is a data type one
can extract a closed open recursive termΦρ→τ such that
Cont+OI+OR ` ∀xρ A(x,Φx) and hence∀xρ A(x, Φx)
holds inC.

Proof. By theorem 3.7 we haveOI ` ∀xρ ∃yτ A(x, y) and
by theorem 4.4 we can extract an open recursive termΦ
such thatCont + OI + OR ` Φmr∀xρ ∃yτ A(x, y). Φ
has typeρ → τ × σ whereσ is the type corresponding
to A(x, y). Set Φ′ ≡ λxπ0(Φx) whereπ0(.) is the left
projection. Then, by lemma 4.2 (a),Cont + OI + OR `
∀xρ A(x,Φ′x) and hence∀xρ A(x, Φ′x) holds inC because
C is a model ofCont + OI + OR.

Theorem 5.3 From a derivationDC `cl ∀xρ ∃yτ A(x, y)
whereA(x, y) is as above one can extract a closed up-
date recursive termΦρ→τ such thatCont + UI + UR `
∀xρ A(x,Φx) and hence∀xρ A(x,Φx) holds inC.

Proof. Similar to the proof of theorem 5.2.

In order to interpret realizers as programs we need a cor-
rect and terminating operational semantics for terms (that
may contain open or update recursors). To this end we will
use Plotkin’s adequacy theorem [23] relating the operational
call-by-name semantics and the denotational domain se-
mantics of PCF. Modulo some obvious adjustments the the-
orem applies our situation (i.e. extensions of Gödel’s system
T by recursively defined constants). The defining equations
of the constants can be read as term rewriting rules which,
together with the usual conversion rules forλ-calculus, can
be used to define a call-by-name operational semantics. We
call a closed normal term of a data type built from the con-
structors of data types (i.e. the boolean constants, zero, suc-
cessor, the empty list, cons and pairing) anumeral. We will
write n for numerals of any data type (not onlynat). It is
easy to see that any closed term of a data type is a numeral.
Numerals are in a one-to-one correspondence with their val-
ues which are exactly the total elements inĈ of a data type.
We identify numerals with their values.

Theorem 5.4 (Plotkin) Let t be a closed term andn a nu-
meral of the same data type. Thent has valuen iff t nor-
malizes ton.

Proposition 5.5 Every update recursive term of a data type
has a unique normal form.



Proof. This follows immediately from theorem 5.4 and
proposition 5.1.

Theorem 5.6 From any given derivationOI(DC) `cl

∀xρ ∃yτ A(x, y) whereA(x, y) is a Σ-formula andτ is a
data type one can extract a closed open (update) recur-
sive termΦρ→τ such that for each closed termrρ the term
Φr reduces to a numeraln such thatA(r, n) holds inC.

Proof. Immediate, by theorem 5.2 (5.3) and proposi-
tion 5.5.

6. The Berardi-Bezem-Coquand functional

We now show that the computational interpreta-
tions of countable choice given by Berardi, Bezem and
Coquand [2] can be derived from ours. In [2] essen-
tially a realizer ofACNA, i.e.

∀n ((∃xBA(n, x) → A) → A)
→ (∃f ∀n BA(n, fn) → A) → A

(B arbitrary, A a Σ-formula) was given. We show how
to extract this realizer from a proof using update in-
duction. If we A-translate proposition 3.5 we obtain
a proof of ACNA from update induction applied to a
1-open predicate. Extracting a program from this proof us-
ing the update recursive realizer ofUI1 given in the
proof of theorem 4.5, we obtain the following real-
izer of ACNA. Let ρ, σ, τ be the types ofx,BA, A respec-
tively and assumeF : nat → (ρ × σ → τ) → τ realizes
∀n ((∃xBA(n, x) → A) → A) andG: ρω × σω → τ real-
izes∃f ∀n BA(n, fn) → A. Identifying the typesρω × σω

and(ρ × σ)ω we can also sayG: (ρ × σ)ω → τ . Let fur-
thermoreH: τ → σ be a realizer ofA → BA(n, x) (see
lemma 2.2 (a);H is independent ofn and x). From F ,
G andH a realizer ofA is constructed asΨλn.(F, 0ρ×σ)
where Ψ: (boole × (ρ × σ))ω → τ is recursively de-
fined by

Ψη =τ G(λn.
if n ∈ dom(η) then η[n] else (0ρ,H(Fnλzρ×σ.Ψηz

n)))

If we unfold the term Ψλn.(F, 0ρ×σ) a finite num-
ber of times, it is clear thatΨ will always be called
with an argumentη of finite domain. Hence we may re-
placeη by a variablef of type (nat× (ρ× σ))∗, and de-
fine

Φf =τ G(λn.
if n ∈ dom(f) then f [n] else (0ρ,H(Fnλzρ×σ.Φf∗(n, z)))

where now ‘n ∈ dom(f)’ means that the finite sequence
f contains a member of the form(n, z) and in that
casef [n] stands forz (in order to determinez uniquely

we can, e.g., take the rightmost pair(n, z) in f ). Ex-
cept for some inessential notational differences this is ex-
actly the functional defined in [2]. By Scott’s fixed
point induction one easily provesΦf = Ψf̃ where
f̃n := if n ∈ dom(f) then (T, f [n]) else (F, 0ρ×σ) (i.e.
one proves by induction onk that Φkf = Ψkf̃ where
Φk,Ψk are the approximation ofΦ,Ψ, respectively, de-
termined by their recursive definitions). In particular
Φ[] = Ψλn.(F, 0ρ×σ). HenceΦ[] realizesA.

If one is just interested in a short and concise proof of
the totality and correctness of the realizer in [2] (and not
so much in its proof-theoretic explanation), one can directly
prove by update induction that the functionalΨ above is to-
tal and has the following property: Ifη is such that for all
n ∈ dom(η) we haveη[n] = (x, y) with y mrBA(n, x),
thenΨη mrA. Note that we can apply update induction be-
cause, by lemma 4.3 the validity ofΨη mrA depends only
on a finite initial segment ofη (see also the proof of theo-
rem 4.5 for a similar argument).

We close with a simple example demonstrating that the
functional given by Berardi, Bezem and Coquand may yield
indeed better extracted programs than other known realiz-
ers of countable choice. Consider the following (silly) clas-
sical proof of∀n ∃m n = m: First prove (in minimal logic
using reflexivity of equality)∀n¬¬∃m n = m. Then ap-
ply ACN, the negative translation of countable choice, to
obtain¬¬∃f ∀n¬¬n = fn. From this we again conclude
(in minimal logic) ∀n¬¬∃m n = m. Using a realizer of
the A-translation ofACN one obtains a programp with
∀n n = pn. It is now easy to see that if we use the Berardi-
Bezem-Coquand functional, the programp will be opera-
tionally equivalent toλn.n (i.e. the number of computa-
tion steps is independent ofn) whereas the realizer based on
bar recursion in [27] and [3] would yield a program which,
roughly, givenn searches from 0 upwards until it eventu-
ally hitsn.

7. Conclusion

We introduced a version of the principle of open induc-
tion (and a weaker form called update induction) which
is closed under negative- andA-translation, and therefore
proves the sameΣ-formulas classically or intuitionistically.
A modified realizability interpretation of open induction to-
gether with Plotkin’s adequacy theorem provided us with a
new and direct method for extracting programs from clas-
sical proofs using open induction. We also showed that
the computational interpretation of the axiom of countable
choice given in [2] can be derived from our interpretation of
update induction.

We believe that our results will be useful for extracting
interesting new programs from classical proofs of theorems
in infinitary combinatory logic, such as Kruskal’s theorem



and generalizations thereof. In particular the fact that we
may admit free predicate symbols which are axiomatized
by Horn-formulas (the Horn-condition can even be slightly
weakened [4]), but for which no decision procedures are re-
quired, supports the extraction of programs from proofs in
abstract mathematics. In contrast, program extraction based
on Gödel’s Dialectica interpretation [12]doesuse decision
algorithms for atomic formulas unless one is satisfied with
sequences or sets of candidates of realizers [8], [5], or up-
per bounds [16] (on the other hand, the Dialectica inter-
pretation easily yields conservativity results for classical
Σ0

1-induction and classical quantifier free choice, but our
method doesn’t).

An interesting open problem, which is also discussed
in [2], is the question of how to extract programs from
classical proofs using arbitrary (not necessarily countable)
choice. Is there a generalization of open induction which
matches this case as well?
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