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Abstract. We apply logical relations to define two hierarchies of functionals in

all finite types as new candidates for higher type feasibility. The first hierarchy uses

logical relations to generalize Cobham’s Limited Recursion on Notation to all finite

types. The hierarchy coincides with Cook and Kapron’s Basic feasible Functionals

(BFF) up to type level two, but at higher types our hierarchy might be strictly larger

than BFF. The second hierarchy is defined by a generalized Kripke logical relation.

The new point here is that the starting relations are not defined at base types, i.e.

type level 0, but at types of any chosen level k. This requires a new construction of

the relation for function types that in general differs from the usual one. The second

hierarchy coincides with BFF up to type level k and is probably strictly larger at type

level k + 1. We prove that if we work in the model of partial continuous functionals,

all elements of our hierarchies are computable (which is not obvious for the second

hierarchy). Both our hierarchies are closed under λ-definability. We neither know

whether our hierarchies can be effectively generated nor how they are related in

general.

§1. Introduction. Given a system of functionals of type level 1 (or
of type levels ≤ some fixed k) which is λ-closed, that is, closed under
definability by simply typed λ-terms, it is natural to ask how this can
be extended to a λ-closed system of functionals in all finite types. Longo
and Moggi [11] investigated this question for the case of the system of
partial functions on the natural numbers. They presented a method of
extending this system to all finite types using a construction reminiscent of
the definition of Banach-Mazur functionals and showed that the resulting
hierarchy coincides with the partial continuous functionals. A related
construction was investigated by Sazonov and Voronkov [13]. In both
papers it is stated that this construction, when based on polynomial time
computable functions of type 1, gives rise to a natural notion higher type
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feasible functional, but this claim has never been substantiated, and so
far no one seems to have pursued this idea any further.

In this paper we have a fresh look at this approach from a more general
perspective. We will show that indeed one obtains a very simple, but
useful notion of higher type computational complexity, in fact we show
that it is as general as possible.

§2. Type structures. Given sets A,B we let A → B denote the set
of all functions from A to B. As usual, we write f : A → B for f ∈ A → B
and A → B → C for A → (B → C). Application of a function f : A → B
to an argument a ∈ A will be written fa. Application associates to the
left, i.e. fab means (fa)b. We define the basic combinators as usual by

KAB : A → B → A, KABab = a
SABC : (A → B → C) → (A → B) → A → C, SABCfga = fa(ga)

We fix a set (of symbols) T0 of base types and define the set T of simple
types as the closure of the base types under the formal function type
construction, ρ → σ. As usual, ρ → σ → η means ρ → (σ → η), and
~ρ → σ means ρ1 → . . . → ρk → σ. A type structure is a family of sets
D = {D(ρ) | ρ ∈ T} such that D(ρ → σ) ⊆ D(ρ) → D(σ) for all ρ, σ ∈ T ,
and D is combinatorially complete, i.e. KD(ρ)D(σ) ∈ D(ρ → σ → ρ) and
SD(ρ)D(σ)D(η) ∈ D((ρ → σ → η) → (ρ → σ) → ρ → η) for all ρ, σ, η ∈ T .

Typed λ-terms, are constructed from typed variables, xρ, yρ, . . . , by ab-
straction, (λxρMσ)ρ→σ, and application, (M ρ→σNρ)σ. We will often omit
type information as long as this does not cause ambiguities, and when we
speak of terms we mean typed λ-terms. The set of all terms (of type ρ)
is denoted Λ (Λ(ρ)). FV(M) denotes the set of free variables of a term
M . We adopt the usual notational conventions for terms, e.g. we write
λ~x.M ~N for λx1 . . . λxn(. . . (MN1) . . . Nk). As is well-know, terms can
be interpreted in any type structure D. More precisely, there is a map
[[·]][· 7→ ·] such that for each term M ρ with FV(M) ⊆ ~x~σ and ~a ∈ D(~σ) (the
latter stands for ai ∈ D(σi) for i = 1, . . . , k) we have [[M ]][~x 7→ ~a] ∈ D(ρ)
and the following equations hold

[[xi]][~x 7→ ~a] = ai

[[λyM ]][~x 7→ ~a]b = [[M ]][y, ~x 7→ b,~a]

[[MN ]][~x 7→ ~a] = [[M ]][~x 7→ ~a][[N ]][~x 7→ ~a]
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An element b of a type structure D is λ-definable over a set A ⊆ D (more
precisely A ⊆

⋃

{D(ρ) | ρ ∈ T}) if there is a term M and ~a ∈ A such
that b = [[M ]][~x 7→ ~a]. A term is in long normal form if it is of the form

λ~x.y ~M where the term y ~M is of base type and each of the Mi is again
in long normal form. All we need to know about long normal forms is
the well-known fact that to every term M there exists a term N of the
same type in long normal form such that FV(N) ⊆ FV(M) and for all ~a of
appropriate types [[M ]][~x 7→ ~a] = [[N ]][~x 7→ ~a].

§3. Substructures and their largest extensions. Throughout this
section we fix a type structure D.

The level of a type is defined by level(τ) = 0, for τ ∈ T0, and level(ρ →
σ) = max(level(ρ) + 1, level(σ)). We set T (≤ n) := {ρ ∈ T | level(ρ) ≤ n}
and D(≤ k) :=

⋃

{D(ρ) | ρ ∈ T (≤ k)}. We will often write ρ ≤ k for
ρ ∈ T (≤ k). The notations T (< k), D(< k), ρ < k, Λ(≤ k), e.t.c. have
similar meanings.

A k-substructure of D is a family P = {P (ρ) | ρ ≤ k} such that
P (ρ) ⊆ D(ρ) for each ρ ≤ k. Throughout the paper we will only consider
k-substructures for k ≥ 1. A k-substructure P is λ-closed if it contains
all elements in D(≤ k) which are λ-definable over P (in particular P is
closed under application). A k + 1-substructure Q is an extension of a
k-substructure P if Q(ρ) = P (ρ) for all ρ ≤ k.

For the rest of this section we fix a number k ≥ 1 and a λ-closed k-sub-
structure P of D.

We are interested in the question of how to extend P to a λ-closed
k + 1-substructure of D. It is easy to see that there is a smallest such
extension: Just take all elements of D(≤ k + 1) that are λ-definable over
P . More interesting is the fact that there is also a largest extension. We
will prove this now.

An element a ∈ D is conservative over P if all elements of D(≤ k)
which are λ-definable over P ∪ {a} are in P . We set

P+ := {a ∈ D(≤ k + 1) | a is conservative over P}

Proposition 3.1. P + is a λ-closed k + 1-substructure which extends
P . P+ is largest in the sense that for any other λ-closed k+1-substructure
Q extending P we have Q ⊆ P +.
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It is clear that P + is an extension of P and that any λ-closed k + 1-
substructure extending P must be contained in P +. It remains to be
proven that P + is λ-closed.

Let ρ ≤ k + 1, say ρ = ~ρ → τ where ρ = ρ1, . . . , ρn and τ is a base
type. Hence ~ρ ≤ n i.e. ρi ≤ k for all i. We call a ∈ D(ρ) Banach-Mazur
over P if for all tuples of types ~σ < n and ~g where gi ∈ P (~σ → ρi) we
have a ◦ (~g) ∈ P (~σ → τ) (note that the expressions involved make sense
since ~σ → ρi ≤ k and ~σ → τ ≤ k). The meaning of a ◦ (~g) is the obvious

one, namely (a ◦ (~g))~b = a(g1
~b) . . . (gn

~b).

Lemma 3.2. Let P be a λ-closed k-substructure of D and let a ∈ D(≤
k + 1). Then a is conservative over P iff a is Banach-Mazur over P .

Proof. If a is conservative over P , then a is also Banach-Mazur over
P , since for any ~g ∈ P of appropriate types, a ◦ (~g) is λ-definable over
P ∪ {a} and hence in P .

For the converse, assume a is Banach-Mazur over P . We show, by
induction on the lengths of terms M ∈ Λ(≤ k) in long normal form with

free variables among u, ~x of appropriate types that for any ~b ∈ P of

appropriate types we have c := [[M ]][u, ~x 7→ a,~b] ∈ P . Let M = λ~y.z ~M

and set di := [[λ~y.Mi]][u, ~x 7→ a,~b]. By induction hypothesis, we have

di ∈ P . If the head variable z is u, then c = a ◦ (~d) ∈ P because a was
assumed to be Banach-Mazur over P . Otherwise, i.e. if z is one of the
variables ~x, ~y, then c is λ-definable over P and hence in P because P is
assumed to be λ-closed. a

We are now in a position to complete the proof of proposition 3.1. We
show, by induction on the lengths of terms M ∈ Λ(≤ k+1) in long normal
form with free variables among ~x of types ~ρ ∈ T (≤ k + 1), that for any
tuple ~a ∈ P +(~ρ) we have c := [[M ]][~x 7→ ~a] ∈ P +. By lemma 3.2 it suffices
to show that c is Banach-Mazur over P . To this end let gi ∈ P (~σ → ρi)

where ~σ < k. We need to show c ◦ (~g) ∈ P . Let M = λ~y.z ~M and set
di := [[λ~y.Mi]][~x 7→ ~a]. By induction hypothesis, we have di ∈ P+(≤ k)

and therefore ei := di ◦ (~g) ∈ P . Now, if z = xi, then c = ai ◦ (~d) and
therefore c ◦ (~g) = ai ◦ (~e) ∈ P because ai ∈ P+. If z = yi, then c ◦ (~g)
clearly is λ-definable from ~g and ~e and therefore in P , since we assumed
P to be λ-closed.

We define the the notion of a substructure of D analoguous to k-
substructures, but without the level restriction. Hence, a substructure
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of D is a family Q = {Q(ρ) | ρ ∈ T} such that Q(ρ) ⊆ D(ρ) for each type
ρ. A substructure Q is λ-closed if it contains all elements in D which are
λ-definable over Q. A substructure Q is an extension of a k-substructure
P if Q(ρ) = P (ρ) for all ρ ≤ k.

Given a λ-closed k-substructure P we define n-substructures P n, for
n ≥ k, by P k = P , P n+1 = (P n)+. We let P ω be the substructure of D
obtained by joining all P n, i.e. for a type ρ of level n we set P ω(ρ) := P (ρ)
if n ≤ k and P ω(ρ) := P n(ρ) if n > k. Hence P ω(ρ) = P m(ρ) for all
m ≥ max(k, level(ρ)).

Corollary 3.3. Let P be a λ-closed k-substructure of a type structure
D. Then P ω is a λ-closed substructure of D which is maximal in the sense
that there is no λ-closed substructure of D that extends P and properly
contains P ω.

§4. Feasible higher type functionals. We briefly review the some
concepts and results on feasible higher type functionals and relate them
to our work in the previous section. An excellent introduction into higher
type feasibility is Cook’s article [2]. For simplicity we work within the
type type structure of all (set-theoretic) hereditarily total functions over
the base type HT (nat) = N = {0, 1, 2, . . . }. We could equally well
work with Kleene and Kreisel’s model C of total continuous function-
als [9], [10] or the Scott/Ershov model Ĉ of partial continuous function-

als [5]. In fact we will investigate Ĉ in the next section more closely.
Let BFF be the substructure of Basic Feasible Functionals consisting
of the denotations of the closed terms of Cook and Urquhart’s system
PV ω [4]. Hence a functional is basic feasible iff it is λ-definable from
polynomial time functions (of type level one) and the type 2 functional
R : nat → (nat → nat → nat) → (nat → nat) → nat → nat

Ryghx =







y if x = 0
gx(Ryghbx/2c) ≡: t if x > 0 and |t| ≤ |hx|
hx otherwise

that corresponds to Cobham’s limited recursion on notation [1]. By def-
inition BFF is λ-closed and, according to Cobham [1], an extension (in
the sense of our section 3) of PTIME, the set of polynomial time com-
putable functions. At least up to type 2, BFF is widely regarded a serious
candidate for a good notion of feasibility in higher types. This is partly
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due to various characterizations of BFF in terms of other (idealized) pro-
gramming languages [3], [7] and, up to type 2, Oracle Turing Machines
(OTMs) [3],[8].

Example (Cook [2]). Define a relation � on N×N by (a, b) � (a′, b′) iff
|a| < |b| or |a| = |b| and |a′| = |′|. By using a standard pairing function,
we can assume � is defined in N. Define L : (nat → nat) → nat by L(g)
= least i > 0 such that g(i − 1) � g(i).

§5. Systems of substructures.

§6. Substructures of the domain hierarchy. In this section we
build the ambient type structure D within the cartesian closed category
of effective Scott domains. By an effective Scott-domain, domain for short,
we mean a bounded complete algebraic dcpo with an effective base, i.e.
the compacts are numbered such that, with respect to the numbering,
order and consistency between compacts is decidable and existing finite
suprema of compacts can be effectively computed. For basic information
on effective Scott domains we refer to Stoltenberg-Hansen, Griffor and
Lindström [6]. We write a v b if a and b are related in the domain or-
dering. By ⊥ we denote the least element and by X0 the set of compact
elements of a domain X. As usual we call an element of a domain com-
putable if the set (of codes) of its compact approximations are recursively
enumerable.

We consider simple types built over the single base type nat, i.e. T0 =
{nat}. We define D = {D(ρ) | ρ ∈ T} by D(nat) = N⊥ = the flat
domain {⊥}∪N, and D(ρ → σ) = the domain of all continuous functions
from D(ρ) to D(σ), i.e. the exponential in the category of domains. Let
νρ
0 : N → D0(ρ) be an effective base, i.e. an effective enumeration of the

compacts in D(ρ). We may regard each effective base νρ
0 as an element

of D(nat → ρ) by identifying it with its strict extension, i.e. ν ρ
0 (⊥) := ⊥.

Later in this section we will examine effective bases in greater detail.
By definition, an element a ∈ D(ρ) is computable iff the set {n | νρ

0n v
a} is recursively enumerable. There is a useful alternative characterization
of computability: Let ρ = ~ρ → nat. Then a ∈ D(ρ) is computable iff
λ~n.a(νρ1

0 n1) . . . (νρk

0 nk) ∈ D( ~nat → nat) is computable.
Let P be a (k-)substructure of D. We call P computable if all elements

of P are computable. We are interested in finding extra conditions on P
which ensure that if P is computable, then P ω is computable.
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We say a k-substructure P has all effective bases if it contains all ν ρ
0

with ρ ≤ k.
From the discussion above we immediately get:

Lemma 6.1. Let P be a λ-closed k-substructure of D which is com-
putable and has all effective bases. Then P + is computable.

Therefore, our question on the computability of P ω can be reduced
to the problem of finding conditions on P that ensure that if P has all
effecive bases, then P + has all effective bases.

In order to solve the latter problem we examine the structure of compact
elements and their enumerations. Every element of D(nat) is compact and
we set νnat

0 0 = ⊥, νnat

0 (n + 1) = n. How do the compacts of a function
type ρ → σ look like? For compacts v ∈ D(ρ) and w ∈ D(σ) we define
–following Plotkin’s notation [12]– the step function [v ⇒ w] ∈ D(ρ → σ)
by

[v ⇒ w]a =

{

w if v v a
⊥ otherwise

The compact elements of D(ρ → σ) are exactly the existing suprema of
finite sets of step functions. From a complexity theoretic point of view it
is important that in any of our domains D(η) the supremum of a set exists
provided its elements are pairwise consistent, i.e. have a supremum. Two
step functions [v ⇒ w], [v′ ⇒ w′] ∈ D(ρ → σ) are consistent iff whenever
v and v′ are consistent, then w and w′ are consistent.

From the considerations above it should be clear that for all types ρ, σ
the effective base νρ→σ

0 can be defined in such a way that there are poly-
nomial time computale functions lenρ,σ : N → N, leftρ,σ : N → N → N,
rightρ,σ : N → N → N such that for all n ∈ N, lenρ,σn ≤ |n| (the bi-
nary lenght of n) and νρ→σ

0 n is the supremum of the step functions
[νρ

0 (leftρ,σni) ⇒ νσ
0 (rightρ,σni)] with i ≤ lenρ,σn.

Let µ ∈ D(nat → nat → ρ) and g ∈ D(nat → nat) such that for all
n ∈ N the supremum sup{µnr | r ≤ gn} exists (in D(ρ)). Then we can
define a function sup(µ, g) ∈ D(nat → ρ), by

sup(µ, g) := sup{µnr | r ≤ gn}

We call a set A ⊆ D closed under sharply bounded suprema if whenever
µ, g of the types above are in A and for all n ∈ N, gn ≤ |n| and sup{µnr |
r ≤ gn} exists, then sup(µ, g) ∈ A. Similarly we define

inf(µ, g) := inf{µnr | r ≤ gn}
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which exists without restriction on µ and g, because in a domain any
nonempty set has an infimum. We call A ⊆ D closed under sharply
bounded infima if whenever µ, g of the types above are in A and gn ≤ |n|
for all n ∈ N, then inf(µ, g) ∈ A.

Lemma 6.2. Let P be a λ-closed k-substructure of D. Then, if P is
closed under sharply bounded suprema (infima), so is P +.

Proof. Let µ ∈ P +(nat → nat → ρ) and g ∈ P +(nat → nat) such that
for all n ∈ N the supremum sup{µnr | r ≤ gn} exists and gn ≤ |n|. We
need to show sup(µ, g) ∈ P +. We have ρ ≤ k+1, g ∈ P , and µ is Banach-
Mazur over P . We need to show that sup(µ, g) is Banach-Mazur over P .
Let ~σ < k, ~ρ = ρ1, . . . , ρn, h ∈ P (~σ → nat), hi ∈ P (~σ → ρi). We must

show sup(µ, g) ◦ (h,~h) ∈ P (~σ → nat). Define µ̃ ∈ D(nat → ~σ → nat) by

µ̃n~b := µn(h1
~b) . . . (hn

~b). The function µ̃ is λ-defined from µ and ~h ∈ P
and its type level is ≤ k. Hence µ̃ ∈ P because µ is Banach-Mazur over P .
Furthermore, sup{µ̃nr | r ≤ gn} exists. Therefore sup(µ̃, g) ∈ P since P
is closed under sharply bounded suprema. One easily verifies that for all
~b ∈ D(~σ), sup(µ̃, g)(h~b)(h1

~b) . . . (hn
~b) = (sup(µ, g) ◦ (h,~h))~b. This shows

that sup(µ, g) ◦ (h,~h) is λ-definable over P and hence in P since P is
λ-closed.

For sharply bounded infima the proof is similar. a

We call a function f ∈ D( ~nat → nat) partial polynomial time com-

putable if the corresponding function on codes, g : ~N → N, defined by
g~n = (νnat

0 )−1(f(νnat

0 n1)) . . . (f(νnat

0 nk)) is polynomial time computable.

Lemma 6.3. Let P be a λ-closed (k-)substructure of D which is closed
under sharply bounded suprema and infima and contains all partial poly-
nomial time computable functions (of level 1). Then P has all effective
bases.

Proof. For any type ρ we define vρ
0 ∈ D(nat → ρ → nat) by

vρ
0na =

{

0 if νρ
0n v a

⊥ otherwise

We prove that νρ
0 and vρ

0 are in P , by induction on the (syntactic) length
of types ρ (of level ≤ k). The case nat is trivial. For the case ρ → σ define
first ifσ ∈ D(nat → σ → σ) by ifσ0b = b, ifσnb = ⊥ if n 6= 0, which is
λ-definable from the corresponding ifnat ∈ P (nat) and hence in P . Now
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define µ ∈ D(nat → nat → ρ → σ) by

µni = [νρ
0 (leftρ,σni) ⇒ νσ

0 (rightρ,σni)]

We have µnia = ifσ(vρ,σ
0 (leftρ,σni)a)(νσ

0 (rightρ,σni)). Therefore µ ∈ P ,
by induction hypothesis. Clearly νρ→σ

0 = sup(µ, lenρ,σ). In order to see
that vρ→σ

0 ∈ P (ρ → σ), define µ′ ∈ D(nat → nat → (ρ → σ) → nat) by

µ′nif =

{

0 if [νρ
0 (leftρ,σni) ⇒ νσ

0 (rightρ,σni)] v f
⊥ otherwise

We have µ′ ∈ P since µ′nif = ifnat(vσ
0 (rightρ,σni)(f(νρ

0 (leftρ,σni))))0.
Clearly vρ→σ

0 = inf(µ′, lenρ,σ). a

By the corollary 3.3 and lemmas 6.2, 6.3, 6.1 we obtain

Corollary 6.4. Let P be a computable λ-closed k-substructure of D
which is closed under sharply bounded suprema and infima and contains
all partial polynomial time computable functions. Then P ω is computable
and has all effective bases.

Proposition 6.5. Let P be the set of all partial polynonial time com-
putable functions. Then P ω is a computable λ-closed substructure of D
which extends P and has all effective bases.

Proof. Since P is a 1-substructure of D it suffices to show that P sat-
isfies the conditions in corollary 6.4. Clearly P is computable and λ-closed
(the latter just means, because k = 1, that P contains all projections and
is closed under adding dummy arguments). P is also closed under sharply
bounded suprema and infima since sup(µ, g) and inf(µ, g) can be defined
from µ and g by Cobham’s bounded recursion on notation [1]. a
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