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1. Introduction

In Mathematical Logic and Computer Science there is growing interest
in constructive type theories as developed by Martin—Lof [8]. This paper
is concerned with a semantics of such theories within the realm of
Ershov—Scott domains [5] with totality [10].

Erik Palmgren and Viggo Stoltenberg—Hansen [15], [17] developed
a semantics for a partial type theory (modelling partial functions and
functionals) based on the notion of a parametrization, i.e. a domain
depending on parameters. Since this semantics was very natural and
elegant it was natural to ask whether this could be modified in order
to get a semantics for total type theory (modelling total functionals or
type theory as a logical system) The obvious choice was to interpret
a type by a domain D together with a subset Dioy C D of “total”
objects, e.g. D = IN| and D, = IN, and modelling a dependent type
by a parametrization F: D — DOM (DOM = the category of domains
with embeddings) together with a subset Fio(z) C F(z) for each total
x € Dyor. Dag Norman together with Lill Kristiansen and Geir Waagbg
developed such a semantics in a series of papers, e.g. [10], [11], [20].

* The main part of the paper was written when the author was visiting the
University of Uppsala from January to June 1995. The visit was financed by the
Swedish Government agency TFR and the Deutsche Forschungsgemeinschaft. The
results were presented at the Workshop Domains 2 held at the TU-Braunschweig
from May 3-5, 1996.
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The constructions in [10], [11], [20] which we are going to analyze
may be described roughly as follows. We define inductively a domain S
of syntactic forms and for every s € S a domain I(s), the interpretation
of s, such that {I(s) : s € S} will form a universe of types closed
under dependent products and sums. To start with we let 1 € S with
I(1):= {1}, and nat,boole € S with

I(nat) := IN; ={L}UIN,
I(boole) := B = {L,#t, #{}.

Inductively, if we have s € S and a continuous function f:I(s) — S,
then we let (7, s, f),(o,s, f) € S and

I(m,s, f) = (Hz € I(s)I(f(s));
I(o;s,f) = (Zx € I(s))I(f(s))-
This defines the partial universe (S, I). Now we define inductively the

set Syt C S of wellfounded types and for each s € Syt the set Iiot(s) C
I(s) of total elements. We let nat, boole € Sy and

Itot(na‘t) = ]Na
Lot (boole) := DB := {#t, #f}.
Inductively, if s € Sy and f:I(s) — S is a continuous function such

that f(z) € Syt for all z € I (s), then we let (m,s, f),(0,5,f) € Swt
and

Itot(ﬂ'asaf) = {z € I(T(',S,f) :Vz € Itot(s)'z(x) € Itot(f(s))}a
Liot (0,8, f) == {(z,u) € I(0,s,f) : & € Lipt(s) ANu € Lot (f(s))}-

In [10], [11] Normann proved that Syr is a dense subset of S. Order
theoretically this means that to every finite (compact) object sy € S
there is a wellfounded s € Syr such that sy C s. Furthermore for every
s € Syt the set of total objects Lot (s) is a dense subset of I(s).

We are interested in density since it is the key to many of the deeper
results on the total semantics. We mention the most important:

— Choice. If an effectively continuous function f: D x F — IN| is
defined for all total arguments and Vz € Do Iy € Eiot(f(z,y) =
0), then there is an effectively continuous choice function g: D — E
such that Vz € Do (f(z, g(x)) = 0). This was used by Kreisel in
[7].

— Eaxtensionality. The order theoretic consistency relation between
total objects is an equivalence relation and coincides with exten-
sional equality.
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— Realizability. A suitable realizability semantics [2], [19] and the
total domain semantics restricted to hereditarily computable objects
coincide. For simple types this has been proven by Ershov [4] and in
an abstract form in [1] as a generalisation of the Kreisel-Lacombe—
Shoenfield theorem. For dependent types this is still open.

— Hierarchies. Using density we can compare the complexity of the
total semantics with hierarchies in generalized recursion theory
[14].

The density theorem for simple, i.e. non—dependent types goes back
to Kleene [6] and Kreisel [7] and has been put into a domain theoretic
context by Ershov [3]. In this paper we will prove a generalization
of Normann’s density theorem for dependent types implying density
theorems for universes closed under 11, 3 and further operators like the
W-type or universe operators.

Our result can be described roughly as follows. If instead of IN and
IB we start our hierarchy of types with some arbitrary family B =
(B(a))qeca of base types, we get a universe I = (Ip(s))sesp which
depends on B. The mapping sending B to Ip defines a continuous
functor, call it U7, the ‘first universe operator’. Inductively, the n + 1st
universe operator U, takes a family of base types B and closes it
under II, ¥ and the previously defined universe operators Ui, ...,U,.
Let (I,(s))ses, = Un(IN,IB). We prove:

For every n, the wellfounded objects in S, are dense and co—dense
and for every wellfounded s € S, the total objects in I,,(s) are
dense and co—dense.

The result could be extended easily to transfinite iterations of universe
operators. It also holds if in addition we close under (a modification
of) the W-type.

In [1] we proved a density theorem for the function space, i.e. the
non-dependent product. The main difficulty in moving from the non-
dependent to the dependent case is to express in the right way what it
means that the set of total objects I;o(s) is dense in the domain I(s)
uniformly in s. The solution to this problem can be described roughly
as follows. Let D a domain, Dy,y C D, F: D — DOM a parametrization
and Fio(z) C F(x) for each z € Dyo;. We assume further that we have
a continuous function K:¥(D,F) — II(D, F) with certain additional
properties. We call K a transporter since it transports an element u €
F(x) to an element K (z,u)(y) € F(y). Note that F, since it is a functor,
transports u € F(z) to Flz,y](u) € F(y) but only if z C y. The
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properties of K will ensure that in this case K(z,u)(y) = F|z,y](u).
We call the family (Fiot(Z))zeD,o, uniformly dense in F if for each finite
zo € D and each finite ug € F(zg) there is some continuous choice
function d € II(D, F') such that

Vx € D(K(zg,u0)(z) Cd(z)) and Vz € Di(d(z) € Fiop(x)).

Since every finite element vy € F(z) is of the form vy = K(zo,u0)(z)
for some finite zy C x and finite ug € F(z) we get for total x

vo = K(zg,u)(z) C d(z) € Fiot(z).

Hence uniform density implies density of Fio(x) in F(z) pointwise.
A similar “uniformization” is possible for the associated notion of co—
density (called “totality” in[1]).

We call an operator perfect if it, roughly speaking, preserves uniform
density and co—density. The density theorem for I1 and ¥ (theorem 2)
states that IT and X are perfect operators. In the density theorem for
universes (theorem 3) we show that a universe operator performing
closure under perfect operators is itself perfect.

This leads to complex hierarchies of domains with dense totalities. In
[14] Normann proved that the hierarchy generated by IT and ¥ has the
same closure ordinal as Kleene Recursion in 3E. For stronger systems
the relations to recursion theoretic hierarchies are still unknown. We
hope that the results in this paper will bring us closer to a solution of
these problems.

2. Dependent domains

We will mainly use notations and results from [5] and [15] concerning
the basics of domains and dependent domains, i.e. parametrizations.

By D and E we denote arbitrary Ershov-Scott domains. [D — E] :=
{f:D — E : f continuous}, D x E := {(z,y) : ¢ € D,y € E},
D+ E :={0} x DU{1} x EU{L} with the usual orderings. In D + E
we will sometimes use more suggestive labels than 0 and 1. Dy denotes
the set of compacts of D. DOM denotes the category of domains with
embeddings as morphisms. If n: D — E is an embedding then n™: E —
D denotes the associated projection with n~on =idp and non~™ C idg.
D x E is the categorical product of D and F, whereas D + E is not
the categorical coproduct of D and F; in fact DOM has no coproducts.
Also DOM is not cartesian closed. However DOM has direct colimits.
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A parametrization (D, F') consists of a domain D and a continuous
functor F: D — DOM, where D is considered as a category in the
usual way. See [15] for useful characterizations of parametrizations.
Sometimes we will write just F' instead of (D,F). If z C y € D and
u € F(zx) then v := F[z,y](u) € F(y), where [z,y] is the unique
morphism from z to y, and for v € F(y), v(y) := Flz,y] (v) € F(z).

Simple examples of parametrizations are obtained as follows. Let
D!',...,D* be domains. Define the parametrization

(D',...,D* == ({1,...,k}.,F),
where F(L) := {1} and F(i) := D"

The domains II(D, F) (dependent product) and (D, F') (dependent
sum) are defined as in [15]:

(D, F) = {f € HyepF(z) : f monotone and continuous},
fEg& Ve D.f(z) C g(z).
¥(D,F) ={(z,u) :z € D,u € F(z)},
(z,u) C (y,v) © z Ey and u¥ C .

Here, ‘f monotone’ means Vz,y € D.z Cy = f(z)® C f(y) and ‘f

continuous’ means f(JA) = | {f (ac)(l—l 4) . z € A} for each directed
set A C D. Instead of II(D, F') we will sometimes write (Ilz € D)F(z)
if this improves readability.

If F: D — DOM and G: (D, F) — DOM are parametrizations then
the parametrizations II(F, G): D — DOM and %(F,G): D — DOM are
defined by

II(F,G)(z) = II(F(z), \u.G(z,u)),
I(F, G)[z,y)(f) = M. f(v)"),

5(F,G)(z) = 5(F(z), \u.G(z,u)),
S(F, G, yl(u,r) = (@®,rB0")).
Definition 1. The category PAR has parametrizations (D, F) for
objects, and morphisms (n,7):(D,F) — (E,G) where n: D — FE is

an embedding (i.e. a morphism in DOM) and 7: F — G o7 is a natural
transformation. Composition of morphisms is defined by

(m,m1) 0 (n,7) = (m o, Az.11(n(z)) o 7(x)).
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Remark. The alternative choice suggested by Palmgren to take mor-
phisms (n,0): (D, F) — (E,G) with a natural transformation o: (E, F o
n~) — (E,G) leads to an isomorphic category.

Lemma 1. (a) Let (D, F),(D,G) € PAR and let : F — G be a

natural transformation. Then 7 is continuous, i.e.
€ (Ilz € D)[F(z) — G(x)].

(b) Let (n,7): (D, F) — (E,G) be a PAR-morphism. Then the func-
tions II(n,7):II(D,F) — II(E,G) and X(n,7):X(D,F) — X(E,QG)
defined by

(n,7)(f) = e E.7(n" ) (f(n ),
S, ) (@, u) = (n(x),7(x)(u))

are embeddings.

Proof. For (a) a characterization of continuity for functors F: D —
DOM in [15] is used. (b) follows easily from (a).

Definition 2. We define the following continuous functors.
(i) dom: PAR — DOM, dom(D, F') = D, dom(n, 1) = 7.

(ii) II: PAR — DOM and X:PAR — DOM. II(n,7) and X(n,7) are
defined in lemma 1.

(iii) +: PAR"™ — PAR, (D1, F) + ...+ (Dn, Fy) := (D1 + ... + D, G)
where G(i,z;) := Fi(z;) and G( ) := {L}. On morphlsms + is
defined in the obvious way.

Definition 3. Let ®: PAR — DOM be a continuous functor. We
define a continuous functor ®!: PAR — PAR as follows.

dom(®!(D, F)) = (£z € D)[F(z) — D],
D, F)(z, f) = ®(F(z),F o f),
oD, F)[(x, f), (y,9)] = ®(Flz,y], \u.F[f (u),g(u)]),

and if (n,7):(D,F) — (E,G) is a morphism then ®!(n,7) = (n1,71),
where (91, 71): cI>'(D F) — ®l(E, Q) is defined by

m(z, f) = ((z),ne for (z)), mlz, f)=d(r(z),7of).
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3. Universes

We will construct universes and universe operators as least solutions to
‘parametrization equations’, i.e. least fixed-points of continuous func-
tors.

Theorem 1. (1) Every continuous functor ¥: PAR — PAR has an
initial fixed point, denoted fix F.U(F) € PAR.

(2) To every continuous functor U: PAR x PAR — PAR there is a
continuous functor &/: PAR — PAR such that for all B € PAR

U(B) = fix F.U(B, F).

More precisely there is a natural isomorphism between the functors U
and AB.¥(B,U(B)).

Proof. 1t is easy to see that, like DOM, the category PAR has direct
colimits. It’s a folklore result in category theory that then every con-
tinuous functor has an initial fixed point which depends continuously
on parameters. O

Definition 4. Let (A, B) € PAR and let & = ®!,...,®" continuous
functors from PAR to DOM. The universe over (A, B) closed under @,
is defined by

U[B](A, B) := fix (S, I). (A, B) + (S, 1) +... + (S, I).

By theorem 1(1) this is well defined, and by theorem 1(2) this defines
a continuous functor U[®]: PAR — PAR.

To explain the construction in more detail we let
(S,T) := U[B](4, B).

Following [10] and [11] we call S € DOM the domain of syntactic forms
or codes of types and I: S — DOM the interpretation map. We have

S~+A+ (ZseS)[I(s) > S]+...+(Es € 9)[I(s) = 5],

where “~" denotes isomorphism of domains. We denote the isomor-
phism from left to right by 7. Hence for every s € S, 7(s) is of one of
the following forms (using suggestive labels 8, ¢1,...pg): L, or (8,a)
where a € A, or (g;,s1, f) where s; € S and f € [I(s1) — S].

The interpretation map I: S — DOM satisfies
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if 7(s) = L then I(s) ~ {L}.
if 7(s) = (B, a) then I(s) ~ B(a),
if 7(s) = (i, 51, f) then I(s) ~ ®(I(s1),I o f).

The inverse of 7 is given by injective continuous functions f: A — S
and ¢;: (Xs € S)[I(s) - S] — S (note the overloading with the labels)
such that

7(B(a)) = (B,a) for all a € A,
T(pi(s, f)) = (@i,s, f) forall s € S and f € [I(s) — S].

Since (S, I) is the least fixed point of a continuous functor, this fixed
point is reached after w iterations. Hence to every compact sy € Sy we
may assign a rank rk(sp) € IN, the stage when sy comes in first, such
that if 7(so) = (i, s1, f) then rk(s1) < rk(sg) and, for all z € I(s1) the
syntactic form f(z) is compact with rk(f(z)) < rk(sg).

Remark. In [10], [11] etc. a concrete construction of (S,I) for & =
I1, X is given. “Concrete” means that the elements of Sy and I(sg)o and
their order relation are constructed directly by an inductive definition.
In [17] similar constructions are studied in the framework of information
system which are concrete representations of domains.

Definition 5. (i) The universes (S, 1)) € PAR are defined by

(SM), 1) .= Y[I, S)(N , B, SO, ..., §n-D),

This corresponds to Martin-Lof theories with 7 universes (see e.g. [16],
[18]).
(ii) The iterated universe operators U™: PAR — PAR are defined by

U™ :=U[IL, E,dom oY, ... dom o Y™ 1.
We let (S™, I™) := Y™(IN+,1B+) and call it the nth super universe.
One might wonder whether these universes have indeed ‘enough’
closure properties, since e.g. we put only a code of S®*) (k < m) into
S but not codes of I (s) for s € S*). Similarly we closed (S™, I"™)

only under dom o U* (k < n) but not under U*. The next lemma says
that the desired closure properties do nevertheless hold.
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Lemma 2. Let k < n € IN. There are i¢¥) ¢ [S*®) — S(™)] and
§®) € [S®) — §?] such that

I(k)(s) - I(”)(i(k)(s)) = I2(j(k)(3)

for all s € S¥). Furthermore there is a continuous function
uk € [(Bs € S™)(Zf € [I™(s) — S™])(Bt € domU* (I"(s), "o f)) — S7]
such that

UF(I™(5), I" o f)(t) = I"(u (s, £, 1))

for all legal arguments s, f,t.

Proof. We will not use this lemma in the sequel. Hence we confine
ourselves with a sketch of the definition of i®) (;(*) and u* can be
defined similarly). First we define in an obvious way (%) (sy) for compact
S0 € S(()k) only, such that T%)(sq) = I™ (i(k)(s4)). The definition pro-
ceeds by recursion on the rank of sq. It’s clear that (%) is monotone on
compacts. Hence we may extend i(¥) to all s € S*) in the usual way. By
continuity of I®¥) and I the desired equation I¥)(s) = 1) (;(¥)(s))
holds for all s € S(). O

4. Totality

Definition 6. (i) A category with totality consists of a category C
together with an assignment of a set C.(a) to every object a € C. If
ax € Ci(a) we say “ay is a totality on a”.

(ii) A totality on a domain D is a subset of D, i.e. we obtain a
category with totality by letting DOM, (D) := the power set of D.

(iii) A totality on a parametrization (D, F) € PAR is a pair (L, M)
such that L C D and M = (M(z))zcyr is a family such that M(z) C
F(z) for each = € L. Instead of “(L, M) is a totality on (D, F')” we also
write “M Cy, F”. This defines a category with totality (PAR,PAR,).

(iv)If C,D are categories with totality, then U, is a totality on a
functor ¥:C — D if ¥, maps every totality on an object a € C to a
totality on ¥(a). This extends in an obvious way to functors with more
than one argument.

Definition 7. The standard totalities on the domains IN| = INU{L}
and BB = {L,#t,#f} are IN and B = {#t, #{} respectively.

If DI C D',...,D¥ C DF are totalities on domains then we define
on the parametrization (D,..., D¥) the totality

(D},...,DFy:=({1,...,k},F,)
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by F.(i) := D:.

For all continuous functors ® defined in the previous section we have
standard totalities ®,. The standard totalities on II, Y, dom: PAR —
DOM are given given as follows. Let (L, M) be a totality on (D, F').

II.(L,M) := {f e I(D,F):Vz € L. f(z) € M(z)},
YL, M) = {(z,u) e X(D,F):z € LAu € M(z)},
dom,(L,M) := L.

Considering the functors —, X, 4+ on domains as special cases of II
and X we see that their standard totalities map L C D and M C E to

[L—.M] ={fe[D— E]: f[L] C M},
Lx,M = {(z,y) :z € Lye M},
L+, M = {0} x LU{l} x M.

Finally the standard totality on +:PAR"™ — PAR is defined by
(L1, M) +s .o 44 (L, My,) := (L1 +« ... +4 Ly, M), where M (i, z;) :=
M;(x;).

Definition 8. Let ®: PAR — DOM be a continuous functor and .,
a totality on ®. We define a totality ®,! on ®! as follows. Let (D, F) €
PAR and let (L, M) be a totality on (D, F'). Then

8L, M) = (B € D)[M(2) -, L], Mz, )-8, (M(2), M o f)).

Let B: A — DOM be a parametrization and ® = ®,..., ®*: PAR —
DOM continuous functors. Consider the universe (S,I) = U[B](B).
Given totalities (A, B,) on (A,B) and ®. on & we will define by
a least-fixed—point construction a totality (Sywg, Itot) on (S,I) corre-
sponding to Normann’s wellfounded types [10],[11].

Definition 9. We define orderings on totalities
(i) The ordering on totalities on a domain is just set inclusion.

(ii) Totalities on a parametrization are ordered by graph inclusion, i.e.
(Ll, Ml) C (LQ, MQ) iff L1 C Ly and Ml(.’II) = MQ(,’]}) forallz € L.

(iii) Totalities on a functor ¥:C — D are ordered pointwise, i.e. U1 C
U2 iff Ul(z,) C U2(z,) for all totalities z, on an object z € C.

A totality U, on U is monotone if z1 C x? implies U, (zl) C ¥, (z2) for

all totalities =1, 22 on an object = € C.
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Lemma 3. (a) The totalities dom,, ¥, and +, are monotone.

(b) If @, is a totality on a functor ®: PAR — DOM or &: PAR —
PAR then ®,! is monotone.

Proof. Easy.

Note that the standard totality on II is not monotone.

Lemma 4. Let C be one of the categories with totality considered so
far. Let U:C — C be a functor and z € C a fixed point of U. Let ¥, be
a monotone totality on ¥. Then there is a least totality z, on x such
that U, (z4) = 4.

Proof. Clearly the totalities on an object z € C form a cpo with least
element. Hence we can apply the Knaster—Tarski fixed point theorem.

Definition 10. Let (S, 1) = U[®, T]|(A, B), i.e. (S,1) ~ ¥(S, I), where
the continuous functor ¥: PAR — PAR is defined by

U(D,F) = (A,B) + ®(D,F) +... + ®*(D, F).

Let (A, B,) be a totality on (D, F) and ®: a totality on ®. We define
a totality ¥, on ¥ by

U, (L, M) = (A, By) ++ ®L(L, M) +, ... +, YL, M).
(i) A totality on (S,I) is admissible if it is a fixed point of ¥,.

(ii) By lemma 3 ¥, is monotone. We let (Syf, Ito;) be the least fixed
point of ¥, which exists by lemma 4. (S, Liot) is the least admis-
sible totality on (S, I). We call it the wellfounded totality.

(iii) The wellfounded totality on the continuous functor U[®): PAR —
PAR is defined by

uwf[‘i*] (A*7 B*) = (Swf7 Itot)-

(iv) The wellfounded iterated universes operators U, ) are defined by

wf

UTe := Uy [T, By, domy, o Upg, . . ., dom, o U]

(v) The wellfounded universes (S‘(Nr;),It(&)) and the wellfounded super
universes (Syg, Ity ) are defined by

(S(',?a It(glt)) = Wf[]-_-[*7 E*KINa ]Ba S(lf)’ Tt 5&271))’

W W

( VT\IIf,Itnot) = uv?zfaNa]B)
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Being a little bit sloppy we may define Syf C S (i (iii) above) induc-
tively together with I (s) C I(s) for each s € Sy as follows (compare
with the introduction).

If 7(s) = (B, a), where a € A, then s € Syt and ot (s) =~ By (a).

If 7(s) = (@i, 51, f), where s1 € Syr and f € [Lior(s1) =« Swe| then
s € Syt and

Tior(s) = @ (Lt (51), Az o1 (f ().

A totality (S, L) is admissible iff the following hold.
1 ¢S,

If 7(s) = (B,a) then s € S, iff a € A, and in that case I.(s) ~
B,(a).

If 7(s) = (@i, 51, f) then s € S, iff s; € S, and f € [I,(s1) =« Si]
and in that case I.(s) >~ ®}(I(s1), Az.L(f(z))).

In general no admissible totalities different from (Swt, Itoy) must exist.
However if all 2 are monotone w.r.t. the ordering

(Ll,Ml) < (LQ,MQ) = L =Ly ANVx € Ll.Ml(.’E) C MQ(.’E)

on totalities on a parametrization, then we may define a larger admis-
sible totality corresponding to Normann’s type streams [9], [13]. For
instance the standard totalities on II and X are monotone w.r.t. <.

5. Transporters

In order to define a suitable notion of uniform density we need an extra
structure on parametrizations F: D — DOM. By the functoriality of
F,if £ Cy € D then F(z) and F(y) are connected via the embedding
F[z,y]: F(z) — F(y). It turns out that we need a connection also in
case when = and y are not related. We need to be able to transport
u € F(z) into any F(y) we like.

Definition 11. For a parametrization (D, F') € PAR we let
K(D,F):=[%(D,F) - II(D, F)).

Let K € K(D,F) and z,y € D. K is an z,y-transporter if for all
u € F(z) and z € D
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Density theorems for the domains-with-totality semantics of dependent types 13
(i) if z = y then K(z,u)(y) = u,
(ii) if z C z then K (z,u®)(y) = K (z,u)(y),
(iii) if y C 2 then K(z,u)(2)y) = K(z,u)(y),
(iv) K(2, Lp@) () = Lrg)-
K is a transporter if it is an x, y—transporter for all z,y € D.

Lemma 5. Let K € K(D,F) be an z,y-transporter. Then for all
u € F(z) and z € D:

(a) If z C y then K (z,u)(y) = u®).

(

(b) If y C = then K(z,u)(y) = u(y)-
(c) If y € = then K(y,u())(z) C
(d) If z C y then K (z,u)(2)® C
Proof. Easy.

Definition 12. Let F: D — DOM and G:X(D, F) — DOM be para-
metrizations. We define

ry"% e [K(D, F) x K(3(D, F),G) — K(D,TI(F,G))],

2" e [K(D, F) x K(S(D, F),G) - K(D, X(F,G))]
by (omitting the superscripts D, F, G)

I'n(Ky, Ko)(z, £)(y)(v) = Ka((2, K1 (y, v)(2)), f (K1 (y,0) () (y, v),

I?Z(l(lalzé)($’(u7T))(y) = (l(l(x,u)(y),lfg((x,u),r)(y,I(l(x,u)(y)))

where Ky € K(D,F), K2 € K(2(D,F),G), z,y € D, u € F(x), v €
F(y), f € II(F,G)(z) and r € G(z,u). We will often write I'y and I's
instead of I‘g’F’G and I‘g’F’G provided D, F' and G are clear from the
context.

Lemma 6. Let z,y € D, K; € K(D, F) and Ky € K(2(D, F),G).

(a) If Ky is a y,xz—transporter and K» is an (x,u), (y,v)-transporter
for all u € F(z) and v € F(y) then I'y(Ky, K9) € K(D,II(F,G))
is an z,y—transporter.

(b) If K; is an z,y-transporter and Ko is an (z,u), (y,v)-transporter
for all u € F(z) and v € F(y) then I's(K3, Ks) € K(D,X(F,Q)) is

an z,y—transporter.
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14 Ulrich Berger

Proof. Easy. O

Definition 13. Let E € DOM and g € [E — D]. Note that then
F o ¢g:E — DOM, defined by (F o g)(i) := F(g(i)) (i € E), is a
parametrization. We define AY-P-¥ € [K(D, F) — K(E, F o g)] by

AZPT(K) (i,u) () = K (g(0), u)(9())

where K € K(D,F), i,j € F and u € F(g(7)). Again we will often
write Ay instead of Af DF,

Lemma 7. Let E € DOM, i,j € E, g € [E — D] and K € K(D, F).
If K is a g(i), g(j)-transporter then Ay(K) € K(E,F og)] is an 4,5~
transporter.

Proof. Easy. O

Lemma 8. If K € K(D, F) is an xg, yo—transporter for all zg, yo € Dy
then K is a transporter.

Proof. This follows easily from the following fact:

If f,g € II(D, F) such that f(xg) C g(zg) for all o € Dy then
f(z) E g(z) for all z € D. O

Definition 14. A strong parametrization is a parametrization F: D —
DOM together with a transporter Kr € K(D, F) (the transporter asso-
ciated with F', as we will say). If G: (D, F) - DOM is a further strong
parametrization with associated transporter K € K(2(D, F), @) then
by lemma 6 the parametrizations II(F, G): D — DOM and (F,G): D —
DOM become strong parametrizations by associating with them the
transporters

Kura) = I'n(Kr, Ke) € K(D,II(F,G)) and
KE(F,G) = FZ(KF,KG) € }C(D,E(F, G)),

respectively. Similarly, for g € [E — D], F o g: E — DOM becomes a
strong parametrization by

Krog := Ay(Kr) € K(E, F oyg).

6. Uniform density and co—density

From now on we will assume that F: D — DOM and G:%(D,F) —
DOM are strong parametrizations.
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Density theorems for the domains-with-totality semantics of dependent types 15

Definition 15. Let o € Dy. We say that ¢1,...,t; € [2(D,F) —
B separate ui,...,u € F(zq)o, if

(s1) forall ¢ € {1,...,k} and all (z,u) € £(D, F), if u; C Kp(z,u)(zo)
then t;(z,u) = #t, and

(s2) NiZyty ' [#t] = 0.
Clearly, this is possible only if u, ..., u; are inconsistent in F'(zg).
Definition 16. Let L C D and M Cy, F.
M Cy, F is dense at oy € Dy if

Yug € F(.Z‘())()Hd € H(L, M) .KF(.’L'(),’U,()) Cd

M Cj, Fis co—dense at xg € Dy if

Vi € F(z¢)o incons. 3 € [X,(L, M) —, 1B].{ separate .

M Cj F is dense respectively co—dense if it is dense respectively co—
dense at all zg € Dy.

If G:3(D,F) — DOM is a strong parametrization, L C X(D, F)
and N C; G we say that IV is dense respectively co—dense at zo € Dy
if it is dense respectively co-dense at (zg,ug) for all uy € F(zg)g-

Lemma 9. If M Cp, F is dense respectively co—dense then for each
x € L the set M(z) C F(x) is dense respectively co—dense in the sense

of [1].
Proof. Easy. Definition 11 (i) is needed. O
Definition 17. Let o € Dy. We say that t1,...,t; € [E(D,F) —
B simultaneously separate inconsistent subsets of ui, . .., uy, € F(zq)o
if

(s1) for alls € {1,...,k} and all (z,u) € ¥(D, F),
ifu; C Kp(z,u)(zo) then t;(x,u) = #t, and

(s2) for all J C {1,...,k},
if {u; : i € J} is inconsistent then N;c;t [#t] = 0.

Lemma 10. Let M Cj F be co—dense at xy € Dy. Then for each
U, ..., ux € F(zg)o there are t1,...,t; € [E.(L, M) —, IB] simultane-
ously separating inconsistent subsets of u, ..., ug.

Proof. Define

J={J C{1,...,k} : {u; : ¢ € J} is inconsistent in F(z)}.

db.tex; 26/06/2000; 14:25; no v.; p.15



16 Ulrich Berger

Choose for each J € J tests tj; € [E.(L, M) =, B] (i € J) separating
the u; (1 € J). For i € {1,...,k} define now

ti=N{tsi: Je T, ieJ},
ie. ti(z,u) = #t if ty(z,u) = #t for alli € J € J, ti(z,u) = #£ if
tri(z,u) = #f for some i € J € J and t;(z,u) = L otherwise. It is easy

to verify that ¢1,. .., simultaneously separate inconsistent subsets of
u1,...,ux. Compare also with [1]. O

7. Density for II and X

The following theorem contains the main result of this paper. It gen-
eralizes Kleene’s and Kreisel’s density theorems [6],[7], and is also the
key to the density theorem for universes (theorem 3) generalizing Nor-
mann’s density theorem [11].

Theorem 2. Let F: D — DOM and G:3(D, F) — DOM be strong
parametrizations and let L C D, M Cr, F, and N Cyx, (1) G- Recall
that then II(N,M) Cr II(F,G) and £(N,M) Cr ¥(F,G) and that
II(F,G) and X(F,G) are strong parametrizations by lemma 6 and def-
inition 14. Let ag € Dy.

(1) If M is co—dense at ap and N is dense at ag then IT, (M, N) is dense
at agp.

(2) If M is dense at ap and N is co-dense at ag then II.(M,N) is
co—dense at ag.

(3) If M is dense at ag and N is dense at ag then X,(M, N) is dense
at ag.

(4) If M is co—dense at ag and N is co—dense at ag then X,.(M,N) is
co—dense at ag.
Proof. (1) Let fo € II(F, G)(ap)o, say
k

fo=] (b, i)
=1
for some b; € F(ap)o and ¢; € G(ag,b;)o- By lemma 10 there are
tests t1,...,tx € [2«(L, M) —, IB] simultaneously separating incon-
sistent subsets of by,...,b,. Let J = {J C {1,...,k} : {b; : ¢ €
J} is consistent in F'(ag)}. For J € J define

bJ = |_| bz' and Cj = |_| Cl(b‘]).
ieJ ieJ
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Density theorems for the domains-with-totality semantics of dependent types 17

Since N is dense at ag, for each J € J there is d; € II(X.(L,M),N)
such that

(+) Kg((ag,bs),c5) Edy.

For (z,u) € ¥(D, F) we let J(z,u) :={i € {1,...,k} : t;(z,u) = #t}.
By the choice of the ¢; J(z,u) € J and hence dj(eu) 18 defined. Let

furthermore
k

U=t "[B]
i=1
which is an open subset of (D, F'). Now for x € D and u € F(z) we
define
dy(z u)(m,u) if (z,u) €U
d = ’ .
(@) (u) { Kn(r,)(ao, fo)(z)(u) otherwise.

In order to prove that this works we first show that

(*) K (a0, fo)(z)(u) C dpu)(z, u)
for all (z,u) € (D, F).

Proof of (x): Let (z,u) € X(D,F) and let J := {i € {1,...,k} :
bi T Kp(z,u)(ag)}. Then fo(Kp(z,u)(ag)) = cyla0Kr@u)(a0) Fyr-
thermore, by the choice of the t; we have J C J(z,u). Hence, by defi-
nition 11 (ii) and monotonicity of K¢ as well as (+), we have

Ku(r,q) (a0, fo)(z)(w) = Ka((ao, Kr(z,u)(a0)), fo(KF(x,u)(ao)))(z,u)
= Kg((ao, Kp(z,u)(ag)), c; 0 Kr@u @) (z,u)

Ka((ao,b1),c5)(z,u)

C KG((a()abJ(;c,u))aCJ(x,u))('Iau)

C dJ(m,u) (‘Tau)

which proves (). From (*) and the fact that U is open it follows

immediately that d is continuous, i.e. d € II(D,II(F,G)) (note that

if (z,u),(Z,9) € U and (z,u) C (%,9) then J(z,u) = J(%,§)). Further-

more, by (%), Ku(r,q)(ao, fo) E d and clearly d € IL.(L, 1, (M, N)).
(2) Let fi,...,fx € I(F,G)(ag)o be inconsistent. Clearly there

exists some by € F(ap)o such that {fi(bo),...,fk(bo)} C G(ao,b0)o

is inconsistent. Since M is dense at ag there is some d € 1, (L, M) such
that

Kp(ag,by) C d.

Since the totality N is co-dense at (ag, bp), there are tests t1,...,%; €
[24(24(L, M), N) —, IB] separating fi(bo),-- -, fr(bo). We define the
tests t1,...,% € [2(D,II(F,G)) — B by

ti(z, f) = ti((z, d(2)), f (d(2))).
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18 Ulrich Berger

Clearly #; € [S4(L,I1,(M,N)) —, IB]. In order to verify that #1,...,%
separate f1,...,fr assume first f; C Kirg)(z, f)(ao). For proving
ti(z, f) = #t it suffices to show f;(bo) C Kc((=,d(2)), f(d(2)))(ao, bo)-
We have

1=

(3) Let (b(),Co) € E(F, G)(ao)o, i.e. by € F(a())() and ¢y € G(ao,bo)o.

Since M and N are dense at ag there are dy € II,(L,M) and dy €
II.(24(L, M), N) such that

Kr(ag,bp) Cdi and Kg((ao,bo),co) C do.
Define d € TI(D, % (F, G)) by
d(z) := (d1(z), d2(z, d1(2))).
Clearly d € T1,(L, S, (M, N)). Furthermore
Ks(r,a)(ao, (bo, co)) ()

= (Kr(ao,bo)(z), Ka((ao, bo), co)(z, Kr(ao, bo)(z)))
C (di(x),da(z,d1(x))) = d(z).

(4) Let {(b1,¢1),---, (br,ck)} C Z(F,G)(ap)o be inconsistent. There
are two cases.

Case 1: {b1,...,bx} C F(ag)o is inconsistent. Let the total tests
t1,...,tk € [S«(L, M) —, IB] separate by,...,bg. Define #1,...,%; €
[3(D, %(F,G)) — B*] by

ti(z, (u, 7)) = t;(z,u).

Clearly #; € [Z.(L,3.(M,N)) —, IB]. It’s easy to see that t1,...,%
separate (by,c1),. .., (b, ck)-

Case 2: by := | [¥_, b; exists. Then {c§“°”’°), ... ,c,(cao’bo)} C G(ao, bo)o
is inconsistent. Let t1,...,tx € [Z«(Z«(L,M),N) —, IB] separate
droto) %) Define §y,..., % € [B(D, B(F,G)) — BY] by

ti(z, (u,r)) = ti((z, u),7).

Clearly t; € [24(L,Z+(M, N)) —, IB]. In order to prove that 1,...,%
separate (b, c1), ..., (b, cx) assume (b, ¢;) E Kx(pa(z, (u,7))(a0), i.e.

bi C Kr(z,u)(ap) and c¢; E Kg((z,u),7)(a0, Kr(z,u)(a0))(aq,b:)-
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Hence, by definition 11 (iii), ¢; C Kg((x,u),7)(ag, b;) and lemma 5 (d),

o™ € Ko((z,u),7)(ao,b:) “*) T Ko((z,u),r) (a0, bo).
Therefore #;(x, (u,r)) = ti((z,u),r) = #t. Clearly the tests #; are
total. O

Lemma 11. Let F: D — DOM be a strong parametrization, L C D,
M Cp F,JCEandg € [J— L]. Recall that then Mog C; Fog
and that F og: E — DOM is a strong parametrization by lemma 7. Let
ig € Ey such that g(ig) € Dy.

(1) If M is dense at g(ip) then M o g is dense at 4.
(2) If M is co-dense at g(ip) then M o g is co-dense at 7.

Proof. (1) Let ug € F(g(ig))o- Since M is dense at g(ig) there is
some d € II,(L, M) such that Kp(g(ig),uo) C d. Then clearly do g €
I1.(J, M o g) and

Krog(i0,u0) (1) = Kr(g(io), uo)(g(4)) C d(g(i)) = (d o g)(4)

for all i € E.

(2) Let uq,...,ur € F(g(ig)) be separable. Since M is co-dense at
g(ig) there are t1,...,t € [Z«(L, M) —, IB] separating uq, ..., u.
Clearly t; 0 g,...,t; 0 g are in [2.(J, M o g) —, IB] and they separate
ULy .oy Uk- a

8. Perfect quantifiers and operators

In order to obtain a general density theorem for universes closed under
IT and 3 and other operators ®: PAR — DOM we isolate the properties
of IT and ¥ which are essential for such a theorem. It turns out that we
have to formulate these properties also for functors ¥: PAR — PAR.

Definition 18. If F: D — DOM and G:X(D,F) — DOM are pa-
rametrizations then we call G a parametrization over F, or (F,Q)
a 2-parametrization. Instead of (F,G) we will sometimes write more
explicitely (D, F,G). The collection of 2-parametrizations becomes a
category 2-PAR with morphisms

(7],0,7')5(DaF,G) — (Dl,FlaGl)
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20 Ulrich Berger
where

(n,0) : (D,F) — (Dy, F;) and
(2(77,0),7') : (E(D,F),G) — (Z(DlaFl),Gl)

are morphisms in PAR. Composition is defined by
(m,01,71) 0 (n,0,7) = (m2,02,T2),

where

2 = mon,
o9 = Az.o1(n(z)) o o(z) and
7 = Az,u).71(n(z),0(z)(u)) o 7(z,u)).

(F, Q) is a strong 2-parametrization if F' and G are strong parametriza-

tions.
A totality on (F,G) is a triple (L, M, N) such that

M QLF and N gz*(L,M) G.

Definition 19. Let ®: PAR — DOM be a continuous functor. We
define a continuous functor (overloading names) ®:2-PAR — PAR by

dom(®(F, G)) = dom(F),
O(F,G)(z) = O(F(z), \u.G(z,u)),

®(F,G)z,y] = ®(F[z,y], u.G[(z,u), (y,u®))).
B(n,0,7) = (9, A2.8(0(2), Au.T(z,u))).

Similarly for a continuous functor ¥: PAR — PAR we define a contin-
uous functor (again overloading names) ¥:2-PAR — PAR by

dom(¥(F,G)) = (Xz € dom(F))dom (¥ (F(z), \u.G(z,u)),
U(F,G)(z,a) = U(F(x), \u.G(z,u))(a),

U(F, G)[(z,a), (y,b)] = ¥(F(z), \u.G(z, u))[n,y(a),b] 0 75,4(a)
where (13 4, Toy) = V(F[z,y], 2.G[(z,u), (y,u(y))]).

¥(n,o0,7) can be defined similarly.

These definitions extend to totalities on ® and ¥ in the obvious way.

Note that this is in harmony with the definition of II(F, G) and X(F, G)
in section 2.
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Definition 20. Let C be a category and ®:C — DOM a continuous
functor. A continuous section of ® is a map I' assigning to every a € C
some I'(a) € ®(a) such that

(i) if f € Cla,b] then ®(f)(T'(a)) E T'(b),

(ii) if (a, f;) is a directed co-limit of (a;, fij) in C then

= o)

Instead of I'(a) we will often write I'*. Now assume in addition that
(C,Cy) is a category with totality and @, is a totality on ®. Then T’
is called total if for every a € C and every a, € C.(a) we have that
T'(a) € D.(as).

Ezample. Consider ®: DOM — DOM, ®(D) := [D — D] and the
continuous section id defined by id(D) := Az € D.z. Recall that by
definition 6 DOM is a category with totality. Let ®, be the standard
totality on @, namely ®,(M) = [M —, M] for M C D € DOM. Then
id is total since id” € [M —, M] for all M C D.

Definition 21. (i) Let F: D — DOM be a parametrization. K €
K(F) is a transporter for F at z,y € D if K is an z,y— and a y,z—
transporter for F'.

(ii) Let (D, F,G) € 2-PAR. A transporter for (F,G) at z,y € D is
a pair (K1, K2) such that K is a transporter for F at z,y and K> is a
transporter for G at (z,u), (y,v) for all u € F(z) and v € F(y).

(iii) Let ®:PAR — DOM (resp. ®: PAR — PAR) be a continuous
functor. A transporter for ® is a continuous section I' of

AD,F,G) € 2-PAR.[K(D,F) x K(2(D, F),G) = K(®(F, GQ))]

(resp. A(D, F,G) € 2-PAR..

(D, F)  K(5(D, F), G) — K{(dom o ®)(F, G)) x K(&(F,G)))

such that for all z,y € D, K; € K(D,F) and Ky € K(2(D,F),QG),
if (K1, K>) is a transporter for (F,G) at z,y then I'(F,G)(K1, K») is
a transporter for ®(F,G) € PAR (resp. ((dom o ®)(F,G),®(F,G)) €

2-PAR) at z,y .

Ezample. In definition 14 we defined continuous sections I'r; and I's;
which, by lemma 6, are transporters for II and 3 respectively.
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Definition 22. (i) Let (D, F,G) € 2-PAR be a strong 2-parametri-
zation and (L, M, N) a totality on (D, F,G). (L, M,N) is uniformly
dense and co-dense at xo € Dy if (L, M) and (X.(L, M), N) are both
uniformly dense and uniformly co—dense at zy.

(ii) Let ®: PAR — DOM (resp. ®: PAR — PAR) be a continuous
functor and I' a transporter for ®. A totality @, on @ is uniformly dense
and co—dense w.r.t. [, if for every strong parametrization (D, F,G) €
2-PAR with transporters K1 € K(D,F), Ky € K(X(D, F),G), every
xo € Dy and every totality (L, M, N) on (D, F,G) which is uniformly
dense and co—dense at zop w.r.t. K1, Ko we have that ®,(L, M, N) (resp.
((domy 0 ®,)(L, M,N),®.(L, M,N))) is uniformly dense and co—dense
at zo w.r.t. DIOFG (K| Ky).

Ezample. By the density theorem 2 the standard totalities on IT and
Y. are dense and co—dense w.r.t. the transporters I';y and I'y.

Definition 23. Let ®: PAR — DOM (resp. ®: PAR — PAR) be a
continuous functor. A totality ®, on @ is uniformly nonempty if there
is a continuous section selg of

AF € PAR . [dom(F) x II(F) — ®(F)]
(resp. AF € PAR . [dom(F) x II(F) — dom(®(F)) x I[I[(®(F))] )
which is total w.r.t. the totality induced by @,. This means that if M

is a totality on F, x € dom,(M) and f € II,(M) then selszf € @, (M)
(resp. € dom, (P, (M)) x IL,(D,(M))).

Ezample. The standard totalities on II and ¥ are uniformly nonemp-
ty. Just let sel%D’F)xf := f and sel(ED’F)xf = (z, f(x)).

Definition 24. A perfect quantifier (resp. a perfect operator) is a
quadruple (®, ®,,'s,selp) such that

(i) ®:PAR — DOM (resp. ®: PAR — PAR) is a continuous functor,
(ii) @, is a totality on P,
(iii) T's is a transporter for @,
(iv) @, is uniformly dense and co—dense w.r.t. I's,

(v) @, is uniformly nonempty via selg.
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Frequently we will denote a perfect quantifier or operator by its first
component ®. We will also call (®, ®,) perfect if there are I'¢ and selg
such that (®,®,,I's,selp) is perfect. Obviously if U:PAR — PAR is
perfect then dom o ¥: PAR — DOM is perfect, too.

Ezample. By the examples above we see that (II,II,, 'y, sely) and
(3,24, 'y, sely) are perfect quantifiers.

9. Density for universes

Theorem 3. 1f d are perfect quantifiers then the universe operator
U[®]: PAR — PAR together with its wellfounded totality Uys[®.] is a
perfect operator.

Proof. Let U := U[®]: PAR — PAR.
1. U is uniformly nonempty.

Using notations as in definition 4 we define for (4, B) € PAR,a € A
and g € TI(4, B)

sely/ (4, B)(a,g) = a(a) € S := dom(U(4, B)).
Clea‘rly? ifa’ e A* a'nd g e H*(A*, B*) then Selg{(A, B)(a’ g) e SWf' Giv-

en furthermore s € S we define sel},(4, B)(a,g)(s) = sel(s) € I(s) :=
U(A, B)(s) where sel(s) is defined recursively by

1 if 7(s 1.

a if 7(s) = «a,
9(b) if 7(s) = (8,0),

Sel(s) = { sela,(I(s1), T f)(sel(s1),sel0 f) it 7(s) = (purs1, ),
sel}l,j (I(s1),Io f)(sel(s1),selo f)(u) if TES; (5, sl,f, u),

By induction on the inductive definition of Sy one easily shows that
if a € A, and g € I, (A4, B.) then sel},(A4, B)(a,g)(s) € L. Hence

sely := A4, B)A(a, g).(sel), (A, B)(a, g),sel},(A, B)(a, g))

is a total continuous section. This proves that Uyt is uniformly nonemp-
ty.

It remains to define a transporter for &/ with respect to which Uy
is uniformly dense and co—dense. To this end we fix a 2-parametrization
(E,A,B) € 2-PAR,ie. (E,A),(X(F,A),B) € PAR,and let (E, S,I) :=
U(E,A,B),ie.dom(S) = E, S(e) = domU(A(e), Aa.B(e,a)) fore € E,
dom(I) = X(E,S) and I(e,s) = U(A(e), Aa.B(e,a))(s) for s € S(e).
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We are essentially in the same situation as in definition 4 except that
everything depends on an extra parameter e € E. Therefore

S(e) ~ A(e) + D* + ... + D¥,

where D = (Xs € S(e))[I(e,s) — S(e)]. The isomorphism from left to
right is given by 7 satisfying

if (e,s) = L then I(e,s) ~ {Ll},
if 7(e,s) = (B,a) then I(e,s) ~ Ble,a),
if (e, s) = (vi, 81, f) then I(e,s) ~ ®;(I(e, s1), Az.I(e, f(x)))-

The inverse of 7 is given by injections a € II(E,S), f € (Ile €
E)[A(e) = S(e)], i € (Ile € E)[(Zs € S(e))[L(e,s) = S(e)] = S(e)]
and such that

7(e, B(e)(a)) = (B, a) for a € Ale),
(e, pi(e)(s, ) = (@i, s, f) for s € S(e) and f € [I(e,s) — S(e)].

By 7o(e, s) we denote the first component of 7(e, s), i.e. the label of s.
For e € E and compact sy € S(e)y we have rk(e, s9) € IN, such that
if 7(e, so) = (@i, s1, f) then rk(e, s1) < rk(e, s¢) and for all z € I(e, s1),
f(z) is compact and rk(e, f(z)) < rk(e, s¢).
Furthermore we define continuous functions §: X(E,S) — X(E, S)
and p: X(X(E, S),I00) — X(E,S) by d(e, s) := (e, s1) and p(e, s, x) :=
(e, f(z)) if 7(s) = (vi, 81, f), and d(e, s) = p(e, s,x) = Lg otherwise.

2. Definition and verification of a transporter Iy for U.

Since ®; and U; are perfect there are transporters I'p;, and I'y; for
®; and ¥; respectively. For (D, F,G) € 2-PAR we let

Ty, (F,G) =: (Ty, (F,G),Ty, (F,G)).

So,ifz,y € D, Ky € K(D,F) and K2 € K(2(D, F),G), if (K1, Ks) isa
transporter for (F,G) at z,y, then I‘?I,j (F,G)(K1, K3) is a transporter
for (domo¥;)(F,G) at z,y, and I‘%I,j (F,G)(K1, K») is a transporter for
U,(F,GQ) at z,y .

We have to define Kg € K(F,S) and K; € K(2(FE, S),I) ‘continu-
ously’ from (E,A,B), K4 € K(E,A) and K € K(£(E, A), B).

)
First we define K7 € [E(2(E, S),I) - II(X(E, S), I)] recursively by
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KI((ea S)a IE)(G, 3) =

KA(ea .Z‘)(é) if T(ea 3) = T(éa §) = q,
KB((e,a),:v)(é,&) if 7'(6, 3) = (IB’a)
and 7(¢, 3) = (B, a),
Pq;i (A(S(KI)a AP(KI))((ea S), $)(éa §) if 7'()(6, 3) = TO(éa §) = Vi,
Lres otherwise
Using K| we define Kg € [2(E, S) — II(E, S)] recursively by
Kg(e, s)(€) :=

(«(é) if 7(e,s) = a,
(& Ka(e,a)(e)) if 7(e, )
i(€)(51, f) if (e, 5) =

[ Ls(e) otherwise

Verification of K.

Assume that (K4, Kpg) is a transporter for (A4, B) at e,é € E. We
have to show that K7 is a transporter for (X(E,S),I) at e, €, i.e. K1 is
a transporter at (e, s), (€, ) for all s € S(e) and § € S(€).

First we show that K has property (iv), i.e. Kr((e,s), L(e,s))(€,8) =
J_[(é',g) for all (6’,3), (é, g) € Z(E, S)

K is defined as the least fixed point of a continuous function

3:K((E,S)S, 1) — K(2(E, S), I),
ie. K =L, ®"(Lx(s(m,s),n)- One easily proves that

D" (Lices,n)((€;8), Lie,s))(&3) = Lz

for all (e, s), (é,5) € £(E, S) by induction on n. Hence

Kr((e, ), Lie,s)) (8 = | | 2" (Li(s,n)((€,5), Li(e,s)) (€, 8) = Li(e,5)-

By lemma 8 it suffices to show that K is an (eq, s¢), (€g, So)—transporter
for all (eq, s0), (€0, 30) € X(F,S)o. We prove this by induction on the
maximum of rk(eg, s9) and rk(éy, o).

Case 7(eg, s9) = (B,a), T(€o, S0) = (B,a).
Then K[((eo,SO),$)(éo,§0) = KB((eo,a),a:)(éo,&).

(i) If (eo, s0) = (€0, 80) then a = @ and hence

K[((eo, 30)7'T)(607§0) = KB((eo,a),z)(&) =T
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(ii) If geo,so) C (e/,s') then 7(¢',s") = (B,b) where a C b. Moreover
(e = z(®), Hence

Ki(e, s, z¢*)) (&, 30) = Kg(b,z®")(a) = Kp(a,z)(b).
(iii) If 3¢ C (¢, ') then 7(¢, s') = (B,b) where a C b. Hence

Kr(s0,)(€, ") (e,50) = KB(a,z)(b) @) = Kp(a,x)(@)-

Case Ty(eg,s0) = 70(€0,80) = ;- Then we have rk(d(eg, sg)) <
rk(eg, sg) and rk(d(ép, 80)) < rk(€o, So)-

Hence, by i.h. Ky is a (€, 39), d(eo, sSo)-transporter and, by lem-
ma 7, As(Kr) is an (€, o), (eg, Sg)—transporter.

Furthermore for all x € I(d(ep,s0)) and Z € I(§(€p,Sp)) we have
rk(p(eo, so,x)) < rk(eg, so) and rk(p(€&, o), Z)) < rk(ép, Sp)-

Hence, by i.h. K is a p((eq, 80), z), p((€0, S0), Z)—transporter and, by
lemma 7, A,(K7y) is an ((eo, so), z), ((eo,so) Z)-transporter. Since I's,
is a transporter for ®;, I's,(As(K7), Ap(Kr)) is an (eo, so), (€0, S0)—
transporter. Since for all ((e s'), (&, §)) 3 ((eo, S0), (€0, 80)) and all
y € I(¢/,s") we have

Ki((e,s"),9)(&,§) = Tu(As(Kr), Ap(K1))(t,y) (&, §),
it follows that K7 is an (e, o), (€g, Sg)-transporter.
Case “otherwise”. Then Ki((eo,s0),Z)(€0,30) = L1(zy,50)-

(1) If (eo, s0) = (€0, 80) then 7(eq, so) = L and I(eg, so) = {L}. Hence,
if z € I(ep,s0) then z = L = Kj((eg, s0),x)(€o, 80)-

(i) Assume (eq, sp) C (¢/,s') and let z € I(eq, so). If 7(ep, so) = L then
T = L(ey,s0) and hence, since we already proved that the strictness
property (iv) holds,

K((€, ), 7)) (0, 50) = Ki((¢,5"), Lier,))(E0, 50)
= L(éo,50)
= KI((e()aSO)a:E)(éOagO)'

If 7(eq, so) # L then 1o(e’, s") = 70(eo, s0) # T0(€0,80) and hence
Kr((e, '), 5 (80, 50) = L(ay.5) = Kr1((eo, 50),2) (€0, 50).
(iii) Assume (&y,3¢) C (€', s') and let z € I(eg,s0). If 7(€p,50) = L
then K7((eo,50),%)(€'s5")(e0,50) = L(eo.50) = K1((€0,50); %) (€o, 50)-
If 7(ép, 80) # L then ’7’0(6 ) 70(€0, 80) # 70(e0, o) and hence

Kr((eo,50),2)(€',5") 29,50) = L1(eo,50) = K1((eo,50), ) (€0, 350)-
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Verification of Kg.

Since we have proved already that K is an (eg, so), (€9, So)—trans-
porter for all so € S(e)o and 59 € S(€)p it is now straightforward to
prove that Kg is an ey, éy—transporter. We omit the tedious proof.

3. Uy 1is uniformly dense and total.

Since 5, T are perfect we have dense and co—dense totalities (f*, \i}*
For a totality (E., A« B:) on (E,A,B) (ie. E, C E, A, Cg, B,
B* gz*(E*,B*) B) we have

Z/{*[é*](A*, B*) = (Swfa Itot)a

where (E., Syt, Iiot) is the least totality on (E,S,I) such that for all
e € E, and s € S(e) (compare with definition 10)

If (e, s) = (B,a), then s € Sy(e) iff a € A.(e), and then

Lot (e, s) =~ By(a).

If 7(e,s) = (vi,s1,f), then s € Sye(e) iff 51 € Sye(e) and f €
[Ttot (€ 81)
—+ Swit], and then

Lot (e, 8) =~ D (Liot (€, 1), Az. Iyt (€, f()))-

According to definition 22 we assume that (E,, A, B,) is uniformly
dense and co—dense at ey € Ey and show that (E,, Syf) as well as
(24(Ex, Swt), Itot) are uniformly dense and co—dense at eg.

Since we have already shown that U, is uniformly nonempty we can
define sel; € I, (E,, Swt) by

self (e, s) := seli;(A(e), Aa.B(e, a)).

Density and co—density for Lio.

We have to show that Iiot Cs,(p,s,; ! is uniformly dense and
co—dense at (eg, sg) for all so € S(eg)o. We proceed by induction on
rk(eo, s0)-

Case 7(eg, s9) = (B,a0). Then I(eg, so) = B(ep,a) and I (eg, So) =
B*(eo,ao).

In order to show that Iy is dense at (eg, so) let zg € I(eg,s0)o =
B(eop,a0)o- Since By Cyx, (g, 4,) B is uniformly dense at (e, so) there
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d(e,a) if 7(e,s) = (6,a),
d(e,s) :== { selj(e,s) if ro(e,s) € {B, L},
J—I(e,s) if T(e, S) =1

Clearly d € TI((X4(Ex, Swt), Itot) and Kr((eq,s0),zo)(e, s) E d(e, s) for
all (e, s) € X(E, S).

In order to show that Iio is co—dense at (eg,so) let z1,...,xx €
B(eg,ag)o be inconsistent. Since the totality B, is co—dense, there are
tests £1,...,tx € [Sx(Z4(Es, Ay), By) — IB] separating z1,. .., x5 We
define ty,...,t, € [2(X(E,S),I) — B1] as follows. If z; = L Beg,a0)
then t;((e, ), z) := #t for all ((e, s),z) € L(X(E, S), I). Otherwise let

ti((eaa)ax) if 7'(6, 3) = (1870’)7
ti((ea 3)7$) = #f if 7'0(6, S) ¢ {ﬂa—L}a
1 if 7(e,s) =L

Clearly t; € [2.(Z«(Fx, Swt), Ltot) —« IB]. Let us verify that the ¢q, ...t
separate the x1,...,zk.

(s1) Assumez; C Ki((e,s),z)((eo, s0)- Ifz; = Ly, , thenti((e,s),z) =
#t. If z; # Ly, then Ki((e,s),7)(e0,80) # Lr(ey,s0): t00- Hence
7(e,s) = (B,a) and z; C K;((e, s),z)(eo, s0) = Kp((e,a),z)(en,ap)
It follows that

ti((e, s), ) = Zi((eaa)’x) = #t.

(s2) Assume ((e,s),z) € N, t; '[#t]. Since {1, ..., 24} is inconsistent
there must be some iy such that z;, # L. Since t;,((e, s),z) = #t it
follows from the definition of ¢;, that 7(e, s) = (8, a). Hence for all
such that z; # | we have #;((e,a),z) = t;((e,s),z) = #t. Ifz; = L
then #;((e, a), ) = #t anyway. Therefore ((e,a),z) € ﬂé“:l fi_l[#t].

Case To(ep,s0) = ;. Then I(eg,s9) = ®;(I 0 6,1 o p)(ep,s0). Let
L = {(e,s) € Tu(Es,Swt) : To(e,s) = p;}. Note that § € [L —.
Swf] and pE [E*(La-[tot © 6) —rx SW ] Since rk(6(60730)) < rk(e()aSO)a
by induction hypothesis, It Cx,(E,,s,,) ! is dense and co—dense at
d(eo, so)- Hence, by lemma 11, Iio; 00 Cr, I o4 is dense and co—dense at
(eg, o). Furthermore rk(p(sg, zg)) < rk(eg, so) for all zg € I(d(eo, s0))o-
Hence, by induction hypothesis, It Cs,(p,,s,;) I is dense and co—
dense at p(so, 7o) and by lemma 11, Iio;0p Csx, (1, 1,,) { 0P is dense and
co—dense at (sg,zo) for all g € I(d(eo, s0))o- Hence, since (®;, D,;) is
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perfect, @,;(Iiop © 6, L1y © p) Cp Pui(I 0 6,1 o p) is dense and co—dense
at (e, S0)-

To show that Iyt Cx,(g,,s,) I is dense at (eo, s0), let zo € I(eo, s0)o-
Since @i (Iiot © 0, Iior 0 p) Cr Pi(L 06,1 op) is dense at (eo, so), there is
d € II(L, ®,;(Iior 00, Itor0p)) so that T'e, (As(Kr), Ap(Kr))(s0,z0) C d.
Define d € II(S(E, §), 1) by

d(e,s) if 1o(e, s) = @i,
d(e,s) = { selj(e,s) if To(e, s) & {pi, L},
J—I(e,s) if 7'0(6, 8) =1

This is well defined, since if 7g(e, s) = ¢; then I(e,s) = ®(I 0 J, I o p).
Clearly d € ®,;(Z«(Ex, Swt), Iiot)- Furthermore, if 7o(e, s) = ¢; then,
by definition of K,

Ki1((eo,0),T0)(e,8) = I:<I>¢(A5(K1)aAp(KI))((eoaSO),»’Co)(e, s)

C d(e, s)
= d(e, s).

If To(e, s) # @i then K((eo, s0),zo0)(e,8) = Lie,s) C dle, s).

To show that Lot Cyx,(g,,s,,) I is co-dense at (eq, s0) let z1,..., 7% €
I(eo, s0)o be inconsistent. Since ®;(Iior 09, Loy ©p) Cr Pi(I06,Iop) is
co—dense at (eg, so), there are £y, ..., d}, € [Bu(L, @ui (L1010, Iyor0p)) —«
IB] separating z1,...,z;. Define f1,...,d; € [S(2(E, S),I) — B1] as
follows. If z; = Ly, ., then ti((e,s),z) := #t for all ((e,s),z) €
Y(X(E,S),I). Otherwise let

Zi((e,S),.’I)) if T()(e, 3) = ¥i,
ti((e73),z) = { #f if ’7'0(6, 3) ¢ {(pia J-}’
1 if p(e,s) =L

Clearly t; € [Z.(Swt,tot) —« IB]. We show that ¢1,...,%; separate
Llyeer 93Tk

(s1) Assumez; C Ki((e, s), z)(eo, s0). If zs = Ly, , thenti((e, s),z) =
#t. Iz # Ly, ., then Ki((e, s),z)(eo, 50) # L, ,,> t00. Hence
To(e, s) = i and

z; C Ki((e, 8),7)(e0, 50) = e, (As(K1), Ap(K1))((e, ), 7)(e0, 50)-
It follows that t;((e, s),z) = t;((e, s), z) = #t.

(s2) Assume ((e,s),z) € NF_; t; ! [#t]. Since {z1,...,x;} is inconsistent
there must be some i such that z;, # L. Since t;,((e, ), z) = #t
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it follows from the definition of ¢;, that (e, s) = ¢;. Hence for all
i such that z; # Ly(e,s)

gi((ea s),z) = ti((e, s), z) = #t.

If i = Li(eq,s0) then z; & T'e,(A5(Kr), Ap(KT))((e, 8),2) (€0, 50)-
Hence #;((e, s),x) = #t and = € NF_; & [#t]-

Case 1o(eg,80) = L. Then I(eg,s0) = {L}. In order to show that
Liot gz*(E*!SWf) I is dense at (60,80) let ¢ € 1(60,80)0, ile. xyp =
L . Define

€0,50)

d:=selj € H*(E*(E*, Swf)a Itot)-
We have
K1((€0,50), Li(eg,s0))(€:8) = Li(e,s) E selr(e, s) = d(e, s).

Trivially o is co—dense at (e, sg) since there are no inconsistent ele-
ments in I(eg, o).

Density and co—density for (Ey, Swt)-
This is shown similarly. We omit the proof.

From theorem 3 we immediately get

Corollary. For every n the wellfounded universe operator U is
perfect. Consequently the wellfounded universes (S‘Evnf), It(:t)) as well as
the wellfounded super universes (Sy,If%;) are uniformly dense and
codense. In particular the set S7; is dense and codense in S™ and for
every s € Si; the set I’ (s) is dense and codense in I(s); similarly for
(S5, 15)).
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